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Abstract: Some time ago the bosonic and fermionic 4-field terms of the non-abelian low energy 
effective action of the open superstring were obtained, to all order in a'. This was done at tree 
level by directly generalizing the abelian case, treated some time before, and considering the known 
expressions of all massless superstring 4-point amplitudes (at tree level). In the present work we 
obtain the bosonic 5-field terms of this effective action, to all order in a'. This is done by considering 
the simplified expression of the superstring 5-point amplitude for massless bosons, obtained some 
time ago. 
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1. Introduction 


It has been known for a long time that String Theory modifies the Yang-Mills and Einstein la- 
grangians by adding a' terms to them [1], Since the middle eighties many results of this type were 
found, among which it was seen that the low energy dynamics of abelian open strings (corresponding 
to photons) was described by the Born-Infeld lagrangian [2, 3, 4, 5, 6], as long as the field strength 
is kept constant. This is an all order in a' result. Some non-abelian a! corrections of the effective 
lagrangian were also determined by that time using the scattering amplitude approach [3, 7, 8]. 
After the discovery of D-branes as Ramond-Ramond charged states [9] and that the low energy 
dynamics of non-abelian open superstrings captured an equivalent description in terms of them 
[10], a supersymmetric generalization of the abelian Born-Infeld lagrangian, in this context, was 
constructed [11, 12, 13, 14]. Besides these results, abelian corrections were obtained in [15, 16, 17], 
to all order in a 1 . 

A non-abelian generalization of the Born-Infeld lagrangian, in the context of Superstring Theory, 
has been proposed in [18] by means of a symmetrized trace prescription. The complete 0(a' ) 
terms of [19, 20, 21] have been written following this prescription for the F 6 terms. It has been seen 
that, in the open superstring effective lagrangian, the covariant derivative terms are as important 
as the F n ones [22, 23]. Also, an interesting proposal about the general structure of the non-abelian 
Born-Infeld action and its covariant derivative terms has been made in [24] by means of the Seiberg- 
Witten map [25], but this result has unknown coefficients and explicit expressions in D = 10 are not 
given. So, in this sense, in the non-abelian case, the usually known exact results for the lagrangian 
terms are strictly perturbative in a'. This has been done by different methods which include the 
1-loop effective action for N = 4 SYM [26, 27]; deformations of the Yang-Mills lagrangian consider¬ 
ing either BPS solutions to it [28, 29, 19] or supersymmetry requirements [30, 31, 32, 33]; and the 
scattering amplitude approach [3, 7, 8, 34], 

It is generally believed that scattering amplitudes are only used in String Theory to find the f irst 
a' corrections in the effective lagrangians, but this is not true: it was first seen in [17] that all 
the a! information of the open superstring 4-point amplitudes, of massless bosons and fermions, 
can be taken to the effective lagrangian, at least in the abelian case. This was soon generalized to 
the non-abelian case and to the 4-point effective actions of the NS-NS sector of Closed Superstring 
Theory [35]. In the present work we go further and find the D 2n F 5 terms of the open superstring 
non-abelian effective lagrangian, to all order in a! . This is done by using the 5-point amplitude, 
first completely calculated in [34] 1 and afterwards simplified in [36]. In contrast to the 4-point case, 
due to the presence of poles in the cd terms of the scattering amplitude, this is a very much more 
complicated problem to solve. 

We have organized this paper in a main body and appendices. These last ones contain, besides 
conventions, identities and tensors, some lengthy formulas and derivations, which are important, 
but which would otherwise have turned the main body too long. The structure of the main body 
of the paper is as follows. In section 2 we give a very brief review about scattering amplitudes 
and the low energy effective lagrangian inferred from them. In section 3 we review the known 
structure of the effective lagrangian, as far as 3 and 4-point amplitudes are concerned. In section 
4 we review the derivation of the 5-point amplitude (at tree level), since this is the starting point 
for the present paper, and we confirm that this formula satisfies the usual properties of scattering 
amplitudes in Open Superstring Theory. We have placed the main result of this work, namely, the 
explicit D 2n F 5 terms of the effective lagrangian (to all order in a') in section 5. This section also 
contains the scattering subamplitude that leads to that lagrangian and some explicit examples of 
a' terms up to 0(a' ) order 2 . Finally, section 6 contains a summary and final remarks, including 

In [8] a partial computation of this 5-point amplitude was done. 

2 In principle, with the a! expansions that we give in appendix C we could explicitly write the D 2n F 5 terms up 
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future directions. Throughout this work we have treated the very involved calculations that arise 
in scattering amplitudes using Mathematical FeynCalc 3.5 package. 


2. Review of scattering amplitudes and low energy effective lagrangian 

The M -point tree level scattering amplitude for massless bosons, in superstring theory, is given by 
[37] 

=i(2n) w S(k 1 +k 2 + ... + k M )- Y, 'tr(A°nA°> 2 ...A a ^) A(j u j 2 ,... ,j M ) , (2.1) 

where the sum Y' i n the indices {ji, j -2 , ... ,Jm} is done over non — cyclic equivalent permutations 
of the group {1,2,... ,M}. The matrices X aj are in the adjoint representation of the Lie group 3 and 
A(ji,j 2 , ■ ■ . ,Jm)) called subamplitude, corresponds to the M-point amplitude of open superstrings 
which do not carry color indices and which are placed in the ordering {ji, j’ 2 , • • •, Jm} (modulo 
cyclic permutations). 

Since the present work is based in the determination of the effective lagrangian by means of the 
known expressions of the scattering amplitudes 4 , in the following subsections we briefly review the 

3, 4 and 5-point (tree level) subamplitudes of massless bosons in Open Superstring Theory. From 


them, an on-shell effective lagrangian of the form 

£ef = £-YM + Cp)2np4 + Cp>2np5 (2-2) 

emerges, where 

C-ym = ^ti'(-F 2 ) (2.3) 

C D 2 n pi = a' 2 g 2 tr(F’ 4 ) + a /3 g 2 ti -(D 2 F 4 ) + a fi g 2 tr (D 4 F 4 ) + ... (2.4) 

C D 2« F 5 = a'V tr(F 5 ) + a' 4 g 3 tr (D 2 F 5 ) + a’ 5 g 3 tr(£> 4 F 5 ) + ... . (2.5) 

The lagrangian in (2.2) agrees with the open superstring effective lagrangian up to 5-fielcl terms: 
any difference between them is sensible only to 6 or higher-point scattering amplitudes. Also, there 
is no unique way in writing its terms since some freedom arises from the [D, D\F = —ig[F, F] 


relation, the Bianchi identity and integration by parts (see [3],[29] and [27], for example), thus, 
allowing to interchange some terms from Cp> 2 n F i and Cp>2np5. In the next section we will specify 
the convention that we will use in writing the D 2n F A terms. 

3. 3 and 4-point subamplitudes and their effective lagrangian in Open 
Superstring Theory 

The tree level 3 and 4-point subamplitudes for massless bosons, in Open Superstring Theory, have 
been known for a long time. Their on-shell expressions are the following [37], respectively: 

A(l, 2,3) = 2 g[ (Cl • fc 2 )(C 2 • 00 + (02 • fc 3 )(C3 • Cl) + (Os • fciXCi • 00 ] , (3.1) 

A(l,2,3,4) = 8 g 2 a’ 2 K{ Ci, fr; Ca, fe; Cs, fc 3 ; U, M , (3.2) 

-L ( JL Q! S (X L J 

to 0(a' 6 ) order. 

3 At tree level, the Lie groups SO(N ) and USp(N) have been shown to be consistent with the description of 
superstring interactions [37]. It has also been seen that U(N) is the appropriate gauge group when describing the low 
energy dynamics of N coincident D-branes [10]. In the present work it will not be necessary to make any especial 
reference to any of these Lie groups. 

4 To the knowledge of the authors, this method was first introduced in [1]. 
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where 


K(Ci,ki-,C2,k 2 ;C3,k3; ( 4 ,^ 4 ) = t 


(8) 


_ +Ml I 'lM2l'2M32'3M42'4 *1 1,1 a2 7,2 a3 4,3 *4 4,4 


Ml '"Hi ‘5/42 1*2 ’M3 >3 ’M4 l>4 


(3.3) 


is a kinematic factor, t( 8 ) being a known tensor [37]. The s and t variables in (3.2) are part of the 
three Mandelstam variables, which are defined as 


s = -(fci+fc 2 ) 2 , t = —(ki + k^) 2 , u = — (fei + k 3 ) 2 


(3.4) 


The Gamma factor in (3.2) has a completely known a! expansion (see appendix C.l) which 
begins like 


a 


,2 T(— a's)T(—a't) 1 

T(1 — a's — a't) st 


-a ' 2 + 0 (c 


/3 


)• 


(3.5) 


Since the leading term in the a' expansion of .4.(1, 2,3,4) in (3.2) is the Yang-Mills 4-point subam- 
plitude, Aym^-i 2,3,4), then it may also be written as 


24(1,2,3,4) 


a ' 2 st 


T(-a' s)T(-a't) 
T(1 — a's — a't) 


-4ym(1) 2,3, 


4) ■ 


(3.6) 


This last formula will be useful in the next section, when making a comparison between the 4 and 
5-point subamplitudes. 

From the expression of 4(1, 2,3) in (3.1) it is immediate that the effective lagrangian may be written 
with no D 2 n F 3 terms (as it has already been done in (2.2)) since this amplitude contains no a' 
corrections and agrees with the one from the Yang-Mills lagrangian. 

Using the expression of A{ 1, 2,3,4) in (3.2) the lagrangian C D 2 n F 4 has been determined some time 
ago[35] 5 , to all order in a'. This was done by directly generalizing the procedure considered in [17] 
for the non-abelian case. The final result is the following 6 : 


r 1 2 /2 

L D 2 n F i — —~g a 


x/ s 


sym 


d 10 Xj — Xj) j X 

{Di + D 2 ) 2 + (D 3 + D 4) 2 (D x + D 4) 2 + ( D 2 + D 3 ) 2 


x ^M2,2M3,3M4,4 tr | F lilVl (x 1 )F lt3Va {x 2 )F liaVa (x 3 )F lttVt {x A ) ) , 


where the function / is given by 




T(—a's)T(—a't) 1 


T(1 - a's — a't) a ,2 st 


(3.7) 


(3.8) 


’In fact, not only the l) 2 “ F' 1 terms were determined in [35], but also all boson-fermion and fermion-fermion terms 
which are sensible to 4-point amplitudes. 

6 There are three differences between eq. (3.7) and the corresponding one in section 2.2 of [35]: 

1. We have now written the F 4 terms of the integrand in an abbreviated manner, by means of the t^ tensor 
and, as a consequence of the symmetries of this tensor, it has been possible to write C D 2np4 in terms of only 
one function / sym , instead of the three ones contained in the Q^,^^ 30,4 (s,t,u) function of [35]. 

2. We have introduced a symmetrized prescription in the a' expansion of function /, explained in eq. (3.9), and 
that is why we have now called it /sym- 

3. We have included derivative terms which were not considered in [35], namely, the ones with D 2 = D a D a 
operating on a same field strength. 

Neither item 2 nor item 3 invalidate the result of [35], since there were considered results sensible up to 4-point 
amplitudes only. 
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In (3.7) ‘/ S ym’ denotes that in the power series of it, which involves powers of s and t, we are using 
a symmetrized convention: 


f k j^ ( Sum of all different permutations of k powers of s and 1 powers of t ) fo m 

(S t ) sym = 7~ ' TT • (3-9) 

/ k + l \ 


In the case of ordinary numbers the formula in (3.9) coincides with s k t l , but this does not happen 
in the case of covariant derivative operators, as it is in (3.7). 

The terms of C^npi were written explicitly up to 0(a /5 ) order in [35] . 

The fact that A( 1, 2, 3,4) has no poles at any (non zero) a' order made the construction of 
in (3.7), quite direct: besides some trace factors, the lagrangian is constructed in terms of the 
4-point Gamma factor in which the momenta are substituted by covariant derivatives (appropri¬ 
ately symmetrized). All this implies an enormous simplification with respect to other methods of 
obtaining the a' correction terms in the effective lagrangian, since all of them require, order by 
order in a', of an explicit construction of gauge invariant terms with unknown coefficients which 
are afterwards determined by some matching with Superstring Theory 4-point amplitudes (see [3], 
[23], [29] and [27], for example). 


4. The 5-point amplitude of massless bosons in Open Superstring Theory 

A first calculation of the 5-point amplitude for massless bosons in Open Superstring Theory was 
done a long time ago in [8]. This was a partial calculation with enough information to calculate 
the F 5 and the D 2 F A terms that appear at 0{a' ) order in the effective lagrangian (2.2). Long 
after this result, in [29] it was seen that, of all these terms, only the D 2 F 4 ones were correctly 
determined. The corrected F 5 terms of [29] were also confirmed subsequently by other methods 
[30, 34, 27, 33], 

Since the main result of the present work, namely, the determination of the D 2n F 5 terms of the 
effective lagrangian, lies on the computation of the 5-point subamplitude, in the next subsection 
we will review the main steps of it in some detail. In the subsection after the next one we will 
check that our 5-point formula satisfies the usual properties of massless open string subamplitudes 
[37, 38]: cyclicity, (on-shell) gauge invariance, world-sheet parity and factorizability. 

4.1 Review of the 5-point subamplitude derivation 

A complete expression for the 5-point amplitude was first obtained in [34]: 

-4(1,2,3,4, 5) = 

2 5 3 (2c/) 2 (Ci • C 2 XC 3 • C4){(( 5 • h)(k 2 • k 3 )L 2 - (C 6 • k 2 )(h ■ k 3 )L 3 + 

+ (Cs • k 3 ) ((fc 2 ■ k 4 )L 3 + {k 2 ■ k 3 )L 2 ^j | + 

+ (Ci ' C 3 XC 2 • C 4 )^ — (C 5 ' ki)(k 2 ■ k 3 )Li + 

+ (Cs • k 2 ) (( k 3 • fc 4 )V - ( k 2 ■ k 3 )L 7 ) - 
~ (Cs ' k 3 )(k\ ■ fc 2 )Li| + 

+ (Cl • C 4 XC 2 • Cs){(C5 • fcl) ((*3 • U)K: - (h • k 3 )I< 5 ) - 

- (Cs • k 2 )(ki ■ k 3 )K b + (Cs • k 3 )(ki • k 2 )K 4 ^ + 
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(C2 • C 3 ){(C5 • ki) ((Cl • fc 2 )(C4 • k 3 )L 2 - (Cl • k 3 )( C4 • fc 2 )i 7 ) + 

+ (Cs • k 2 )(^(Ci ' k 3 )(C4 ■ ki)K 3 4 (Ci • fc 3 )(C4 • k 3 )L 4 ' 4 

+ (Ci ' fc 2 )(C4 • k 3 )L 2 A (Ci • ^ 4 ) (C 4 • k 3 )K A ^j — 

- (Cs • & 3 )(«i • fc 2 )(C4 • ki)Ki 4 (Ci • fc 3 )(C4 • k 2 )L 7 4 

+ (Ci ' ^ 2 ) (C 4 • k 2 )L 4 A (Ci • A 4 ) (C 4 • k 2 )K 3 ,S j | 4 
(Cl • C 4 ){(C5 • k 2 ) ((C 2 • fciXCs • &)tf 2 - (Ca • fc 4 )(C 3 • fci)Jf 3 ) - 

- (Cs • fci)((C 2 • k 3 ){Cs • k A )IU' - (Ca • * 4 )(C 3 • k 2 )I< 5 ' 4 

+ (C 2 • fc 4 )(Cs • W/ - (Ca • fciXCs ' k A )K 2 ) 4 
(Cs • fc 4 )((C2 • fci)(C 3 • k 2 )K A 4 (C 2 • k \)(C 3 • k x )K x - 

- (C 2 • fc 3 )(Cs ' h)K 5 - (Ca • fc 4 )(C 3 ' Ws) } 

( cyclic permutations of indexes (1,2,3,4,5) ) . 


(4.1) 


In this formula, AC, AY, A* and L/ are cd dependent factors 4 * 6 7 , defined by a double integral of the 
form 

r 1 /-*3 , 

/ dx 3 dx 2 xf* “ 13 (1 — x 3 ) 2 “ a3i x 2 2a “ 12 (1 — a; 2 ) 2a a2i (x 3 — x 2 ) 2a 0123 ■ ip(x 2 , x 3 ) j (4.2) 
Jo Jo 


where the function ip(x 2 , x 3 ) has a specific expression for each of them (see appendix A.l of [34] for 
further details). They can all be calculated as a product of a Beta and a Hypergeometric function 
[ 8 ] and they have a well defined Laurent expansion in a' (after regularizing in some cases). For 
example, in the case of the factors K 2 and K 3 we have that [34] 8 * : 


K 2 = 


1 J 

r 1 1 

l _2l! J 

f «5i a\ 2 — a 32 a 3 4 4 a 3 4 <145 | 

(2cd) 2 1 

l 0^12 O34 J 

1 6 1 

l 042 0 3 4 J 


, m i\ f a i 2 a 5i — o 2 4 ai2 4 0:45 a 3 4 4 ct\ x a\ 2 — a\ 2 034 4 a§ 4 0:45 — 2 au 2 a 23 a 3 4 

+ C(3) (2a ) 


0:12 a 3 4 

4 0((2a ') 2 ), 

7T 2 

A 3 = —-C(3) ( 2 (/) {a X2 4 a 23 4 034 4 045 + 051 } + C^((2c/) 2 ) ■ 

6 


(4.3) 

(4.4) 


In (4.3) and (4.4) we are using the notation 


ot-ij = ki ■ kj (i,j = 1,2,3,4,5; i Y j) ■ (4-5) 


7 In [34] they were called ‘kinematic factors’ but we will not use this terminology any longer since the word 
‘kinematic’ is usually reserved for expressions which depend on both, momenta and polarizations. In the present 
work we will use the terminology ‘ a' dependent factor’ to denote an expression which depends on a! and the momenta 
ki. 

8 In [34], the expansions of K 2 and K% contained the variables p and 0124 which we have already substituted using 

the relations (C.9), (C.12) and (C.14) of appendix C.2. 
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In appendix A.2 of [34], among some relations, the following were found: 


& 34 K 2 

0124 K 3 

CI 13 A 1 

cti 2 AT 

0113 K 3 
o. 2 aL\ 
CX34K4 — CX13K5 


CH13K1 + a 23K4 
ol\2 Ki — a 23K5 

0.34L3 — a 23L4 

ot24:Ki + a 23 AY 
034/4 ’]' — 0:2,3 A"/ 
CH12L3 — CX23L4 
a 12K4 — a24K5 ■ 


(4.6) 


The first three of them were explicitly written in eq. (A.6) of [34]. The following three relations can 
be obtained from the first ones by the duality operation mentioned in that appendix 9 . All of these 
expressions can be derived using the definition of each K, , A/, Li and L/ , as a double integral (see 
appendix A.l of [34]), and integration by parts. The last relation in (4.6) comes from demanding 
invariance of AT under the mentioned duality operation and using its expression given in appendix 
A.2 of the same reference. 

Now, in [36] there were found additional relations, independent of the ones in (4.6): 

K 2 + (AT -L 3 + AY - AsO/2 = 0, 

ATi - K 4 + AT 5 = 0, 

- AY + AT/ = 0, 

AT + AY + (AT -Li + I<i' - V)/2 = 0 , 

L 2 — L 3 — L 4 = 0, 

L 2 — L 3 — L 4 = 0, 

AT - Ki' - (L 4 - L 4 ') = 0. (4.7) 


These independent relations come from the very definition of each factor, since the function <p(x 2 , X 3 ) 
in every case is a fraction. For example, for the factors AT, AT and AT, the corresponding <p(x 2 , X 3 ) 
function is given by 


tp Kl (X 2 ,X 3 ) = 


x 2 x 3 


<PKi(x 2 , 2 : 3 ) = 


X2 (X 3 - x 2 ) ’ 


<PK 5 (X 2 ,X 3 ) = 


1 


X3 (X 3 ~ X 2 ) 


(4.8) 


which can easily be seen to satisfy 


IPK 1 (X 2 ,X 3 ) - lfiK 4 (x 2 ,X 3 ) +tpK 5 (x 2 ,X 3 ) = 0 . 

The integrated version of eq. (4.9) is precisely the second of the equations in (4.7). 
Besides all these relations, we now introduce a new factor, T, defined as 


T = (2a ') 2 


OL 12 OL 34 AT + («5i Q'12 


Oli 2 «34 + OL 34 0:45) K 3 


(4.9) 


(4.10) 


The same as AT, this factor remains invariant under cyclic permutations of indexes (1,2, 3,4, 5). 
We prove this in appendix C.2. 

The factors AT and AT have been written in terms of Beta and Hypergeometric functions in equa¬ 
tions (C.10) and (C.ll). 

'-'From the point of view of the string world-sheet, this duality operation is nothing else than a twist of a disk 
with five insertions, with respect to the fifth vertex. This will be seen in the third item of subsection 4 . 2 . 
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So, summarizing, the 5-point amplitude in (4.1) is given in terms of sixteen factors K ,, K /, Li and 
Li , which are related with the additional factor T by fifteen independent linear relations given in 
(4.6), (4.7) and (4.10). This allows to write the 5-point amplitude in (4.1) in terms of only two 
factors, which we choose to be T and A 3 10 

A(l, 2,3,4,5) = T ■ A( C, k) + (2a') 2 K 3 • B(C, k) . (4.11) 

Here, A(^,k) and B(<^,k) are two kinematical expressions which are known explicitly, after all the 
substitutions of the factors have been done in (4.1). They can be identified with subamplitudes of 
specific terms of the effective lagrangian ( 2 . 2 ), as we will see in the next lines. 

In appendix C.2 we have that the a' expansion of T begins as 

T = l + 0((2a') 3 ) . (4.12) 

Substituting the leading terms of the a' expansions of T and (2a') 2 AT 3 in (4.11), we have that 
H(£, k) should agree with the Yang-Mills 5-point subamplitude and that B((, k) should agree with 
the F 4 terms 5-point subamplitude. We have checked (computationally) that this really happens 
on-shell, after using momentum conservation and physical state conditions. 

So our final formula for the 5-point subamplitude is 

H(l, 2,3,4,5) = T ■ A ym { 1,2,3,4,5) + (2a') 2 A^ 3 • A F 4 (1,2,3,4,5) . (4.13) 

In (D.l) and (4.14) we give the expressions for Aym{ 1, 2,3,4, 5) and A F i(l, 2 , 3,4, 5), respectively. 
The formula in (4.13) has exactly the same structure of the corresponding one for the 4-point 
subamplitude, written in (3.6), but with two kinematic expressions and two factors which contain 
the a' dependence. 

4.2 Properties satisfied by the 5-point amplitude 

On this subsection we confirm that H(l, 2, 3,4, 5), given in (4.13), satisfies the usual properties of 
massless open string subamplitudes, namely, cyclic invariance, on-shell gauge invariance, world- 
sheet parity and factorizability. 

1. Cyclic invariance: 

It was mentioned in the previous subsection, and it is proved in appendix C.2, that the fac¬ 
tors T and A 3 are invariant under cyclic permutations of indexes (1,2,3,4, 5). Now, once 
A Y m{ I 7 2,3,4, 5) and H F 4 ( 1 , 2 ,3,4, 5) are the Yang-Mills and the F 4 terms 5-point subampli¬ 
tudes, which are non-abelian field theory amplitudes, by construction they are cyclic invariant. 
So, in this sense, the cyclic invariance of H(l, 2, 3,4, 5) is already manifestly written in formula 
(4.13). 

2. On-shell gauge invariance: 

This property consists in that the subamplitude should become zero if any of the polarizations 
£i is substituted by the corresponding momentum ki, after using physical state (Q ■ kj = 0 ) 
and on-shell (fc 2 = 0 ) conditions for all external string states, together with momentum 
conservation[37]. That this indeed happens in (4.13) can be understood from the fact that 
H rM (l,2,3,4,5) and Api{\, 2 ,3,4, 5) are 5-point subamplitudes that come from gauge in¬ 
variant terms, so both of them should independently become zero when doing Q —* ki for any 
i = 1,2, 3,4, 5. So the on-shell gauge invariance of A(l, 2 ,3,4, 5) is also manifestly written in 
(4.13). 

10 Eq. (4.11) is the same as the one in Table 2 of [36], but with not exactly the same choice of momentum dependent 
factors and kinematic expressions. 



In any case, the explicit check of the on-shell gauge invariance of A F 4 (1, 2,3,4, 5) can be seen 
as follows. This subamplitude is given by 


^4(1,2,3,4,5)= 2 g 3 | [ K(Ci, C 2 ; < 3 , k 3 ;k 4 ; Cs, * 5 ) + 

H — — ( (Ci • ( 2 )K(ki, k 2 \ (3, (4, kr, (5, k 5 ) + (Ci • k 2 )K(( 2 ,k 1 + k 2 \ C 3 , k 3 ; C 4 , kr, Cs, &s) - 

«12 k 

-(C 2 • fci)itT(Ci, h + k 2 ; C 3 , fc 3 ; C 4 , fc 4 ; Cs, k 5 ) ) + (cyclic permutations) j . (4.14) 


It has been obtained as the coefficient of 7r 2 /6 (2a') 2 in the a' series of the subamplitude 
A D 2 n^4(l, 2, 3,4, 5), given in (E.l). As mentioned in appendix E, in this formula the expression 
K(A,a-,B,b;C,c;D,d) denotes the same kinematic construction of (3.3), evaluated in the 
corresponding variables. Due to the symmetries of the <(8) tensor (see appendix B.l), it is not 
difficult to see that this last expression becomes zero whenever any of the Ci is substituted by 
hi. 


3. World-sheet parity: 

The tree level interaction of n open strings is described by a conformal field theory on a disk 
with n insertions on its boundary [39]. A world-sheet parity transformation, a —> l — cr (where 
a e [0, l] is the string internal coordinate), corresponds to a twisting of this disk with respect 
to any of those insertions (in figure 1, for example, it is shown a twisting with respect to the 
fifth insertion). 

When there is an interaction of an odd number of open strings, the subamplitude changes 



Figure 1: Twisting of a disk with five insertions, with respect to the fifth one. Under this operation the 
indexes (1, 2, 3,4, 5) transform as indicated in equation (4.15). 


sign under a world-sheet parity transformation [37, 39] . So, in the case of five interacting 
superstrings, a twisting with respect to, say the fifth one, 

(1, 2,3,4,5) —y (4,3,2,1,5) , (4.15) 

should imply that 

A(l,2,3,4,5) = -A(4,3,2,l,5) . (4.16) 

To see that the amplitude in (4.13) indeed satisfies this condition it can be argued as follows. 
First, in appendix C.2.2 it is proved that the factors T and K 3 are invariant under a twisting 
transformation. Second, the Yang-Mills subamplitude Aym{ 1, 2, 3,4, 5) already satisfies (4.16) 
[38] 11 . And third, using the symmetries of the 1(g) tensor it is not difficult to prove that 
A F 4(1,2,3,4, 5), in (4.14), does also satisfy the twisting condition (4.16). 

11 This twisting transformation is aiso called ‘inversion’ in [38] since due to the cyclic symmetry (4.16) it can also 
be written as A( 1, 2, 3,4, 5) = —A( 5, 4, 3, 2,1) . 
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4. Factorizability: 

There are two non trivial tests that confirm the right structure of the poles of A{ 1, 2,3,4, 5) 
in (4.13). The factorization comes when a particular limit is considered. In that limit the 
subamplitude diverges with simple poles and its residues factorize in terms of the 4-point 
subamplitude. 

Here we follow very closely section 6 of [38]. 


• Soft boson factorization : 

This corresponds to the case when one of the bosons, say the fifth one, becomes soft 
(Ats —> 0). It is very well known (see [38], for example) that the ?r-point Yang-Mills 
subamplitude satisfies the factorization mentioned here. In the case n = 5 it has the 
following form: 

Aym( 1,2,3,4,5) fe ^ 0 ~ 9 ( ^-j| - ) A YM ( 1,2,3,4) . (4.17) 

Also, taking k 3 —> 0 in (4.14) it is not difficult to see that A F 4 ( 1 , 2, 3,4, 5) satisfies exactly 
the same factorization. Therefore, taking the k 3 —> 0 limit in (4.13) and using that 


Aym( 1,2,3,4) 
A f4 (1,2,3,4) 


o „2-^(Ci) &i; C2, fe; C3, h; C4, M 

OiyiOLw 

- 2 g 2 ^(Ci,^;( 2 ,^ 2 ;( 3 ,^ 3 ; ( 4 ,^ 4 ) , 


(4.18) 


we have that 

A(l,2,3,4,5) fe5 ^ 0 


2 a 


(5 ■ ki (5 ■ k 4 


1 


k :5 • k\ k 3 ■ k 4 J \ 0420:14 

x ^(Ci, fci;C 2 , fc 2 ; ( 3 ,^ 3 ; ( 4 ,^ 4 ) • 


T - (2a') z K 3 


fc 5 =0 


(4.19) 


Now, if AT 5 = 0 this implies that 0:45 = a.51 = 0 and 044 = 0:23 (see eq. (C.13)), so we 
have that 


A( 1,2,3,4,5)^0 


2 « 3 f F-r - r-r) f 

\ % • Ki k 5 ■ k 4 J \ a 32 a 23 

x A"(Ci,fci;C2,fc 2 ;C3,&3;C4,fc4) • 


T - (2a , ) 2 A' 3 


x 


0 : 45 = 051=0 

(4.20) 


In this last relation, the expression evaluated in <245 = 0:51 = 0 is basically the Gamma 
factor of the 4-point amplitude evaluated in a\ 2 and 0:23 (see eq. (C.17)), which finally 
allows us to write 

4(1,2,3,4,5U._„ ~ 4(1,2,3,4). (4.21) 

• Factorization of collinear poles: 

This corresponds to the case of two consecutive bosons, say the first and the second one, 
that become parallel. The Yang-Mills subamplitude factorization, in this case, has the 
following form [38]: 


Aym{Cu ki; C2, k 2 \ ( 3 ,k 3 ; (4, fc 4 ; £5, k 5 ) kl \\k 2 


1 d 

V^-^t-A ym ((;, ki + fc 2 ; £ 3 , k 3 ; ( 4 , k 4 \ C 5 , k 5 ) , (4.22) 


where 


V 11 ' = -g 


2(ki ■ k 2 ) 8 C"' 


(Ci • c 2 )(fci - k 2 r - 2(c 2 • fci)Ci M + 2(a • k 2 )& 


(4.23) 
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comes from the Yang-Mills 3-point vertex given in (D.2): 

v, = -i g VyM m (ki,k 2 , -h k 2 ) crcr • (4-24) 

Notice that the subamplitude on the left handside of (4.22) is a 5-point subamplitude 
while the one on the right handside is a 4-point one. 

Now, when considering the fci||fc 2 limit in (4.14) the dominant term is precisely the one 
which has the denominator ai 2 (recall that k± ■ k 2 = 0 in this limit, due to the on-shell 
condition). The three terms in the residue of a ± 2 in (4.14) can be seen to match with the 
corresponding ones of V M , when substituted in (4.23), so ^ 4 ^ 4 (1,2, 3,4, 5) also satisfies 
the factorization in (4.22). 

So, in the same way as was done in the previous item, taking the k\ \ \k 2 limit in (4.13) 
leads to 


- 4 (Ci> fci! (2, k 2 ; (3, k 3 ; (4, Aq; Cs , ^ 5 )fc 1 ||fc 2 


1 


V M 


d 


2 (fci • k 2 ) d(n 

x 


2 g 2 K(C, h + fc 2 ; C3, k 3 ; <4, fc 4 ; Cs, *5) 
T 


[(h + k 2 ) ■ k 3 ] [(ki + k 2 ) ■ k 5 \ 


- (2 a'YK 3 


(4.25) 


CK12 —0 


Using relations (C.12) and (C.15) it can easily be seen that (k\ + k 2 ) ■ k 3 = 045 and 
(jfci + k 2 ) ■ k 3 = a 3 4 when «i 2 = 0, so the factor in the third line in (4.25) becomes, once 
more, the Gamma factor of the 4-point subamplitude (see (C.17)). So we finally have 
that: 


-4(Cii ki; ( 2 , fc 2 ; C 3 , k 3 ; ^4, ^ 4 ; Cs, ^ 5 ) 11 fc 2 ~ 

nn 1 , T A(C, h + fc 2 ; Cs, k 3 ; C 4 , fc 4 ; Cs, h) . (4.26) 

2(k± ■ k 2 ) 

5. 5-field terms in the low energy effective lagrangian 

In the case of the D 2 n F A terms lagrangian, C D 2« f 4, given in (3.7), its determination was quite 
direct from the corresponding scattering subamplitude (3.2). Unfortunately, the same procedure 
does not work in the case of C^nps: for each of the two terms in the 5-point subamplitude in (4.13), 
there does not exist a local lagrangian, at each order in 0 !, which reproduces the corresponding 
subamplitude 12 . There only exists an effective lagrangian which reproduces the sum of the two 
terms in (4.13). This can be argued by noticing that the cC expansion for each of those terms does 
not satisfy the factorizability property but, as it was seen in (4.21) and (4.26), this property is 
indeed satisfied if both terms are included. 

In this section we deal with the main result of this work, namely, the 5-field terms in the effective 
lagrangian. By this we mean the explicit determination of the D 2 n F 5 terms 13 by means of the 
5-point subamplitude (4.13). These terms do not contribute to the abelian effective lagrangian: in 
the abelian limit all of them become zero 14 . 

12 Only for the first term in (4.13), at order 0 in o'. it is possible to find a local lagrangian, namely, the Yang-Mills 
lagrangian. 

13 The D 2n F 4 terms also contain 5-field terms, but in the present context we refer to those which explicitly contain 
5 field strengths and covariant derivatives of them. 

14 In the case of an odd number of strings, the abelian limit of the scattering amplitude (2.1) gives a null result 
and, therefore, no interaction term for them goes in the effective lagrangian. This happens due to the world-sheet 
parity antisymmetry, (4.16), of the string subamplitudes. 
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The determination of the D 2n F 5 terms, by means of the complete 5-point subamplitude, is by far 
more complicated than the corresponding one of the D 2n F A terms [35] given in (3.7). This hap¬ 
pens because, at every order in a ', say a ,fc+3 (k = 0,1, 2,...), the 5-point subamplitude receives 
contributions not only from the D 2k F 5 terms, but also from the D 2k+2 F 4 ones. The contribution 
of the first type of terms has no poles, but the contribution of the second type of terms contains 
poles and also regular terms. 

In the next subsection we first write the final expression for the D 2n F 5 terms scattering subampli¬ 
tude (and leave the details of its derivation to appendix F). In the second subsection we write the 
desired lagrangian terms in short notation (using tensors and a' dependent functions) and in the 
last one we give explicit examples of the D 2n F 5 and the D 2n F 4 terms up to 0(a’ ) order. 

5.1 The D 2n F 5 terms 5-point subamplitude 

From (2.2) we have that the contribution of the D 2n F 5 terms to the open superstring 5-point 
subamplitude is obtained as 


A d (1,2,3,4,5) = 4(1, 2,3,4,5) - A YM ( 1, 2,3,4,5) - A D2 „ F 4 (1,2,3,4,5) , (5.1) 

where the D 2n F 4 terms 5-point subamplitude, A&n F 4(l, 2, 3,4, 5), is given in (E.l). In appendix 
F we have worked with the expression in (5.1), checking out that all poles cancel (as expected), 
arriving to the following expression: 


A D *» F * (1, 2,3,4, 5) = g 3 | • h™ (C, k) + P (1) • p (1) (C, k) + 

+ t/ (1) -w (1) (C,A:) + W {1) - «7 (1) (C, As) + z (1) -^ (1) (C,fc) 
+ ( cyclic permutations ) 1 + g 3 A • S((, k), 


(5.2) 


where , P*P, U^ l \ Z and A are a' dependent factors (obtained from the Gamma, 

the T and the K 3 factors) which are given in appendix C.3, while P^(C> k), 

u/ 1 ) ((, k), z^(^,k) and S((,k) are kinematical expressions (with no poles) which depend on the 
polarizations Q and momenta ki (i = 1,2, 3,4, 5). There is no summation over cyclic permutations 
of the term l g 3 A • <5(£, fc)’ because A and <5(£, k) are already cyclic invariant expressions. 

The kinematical expressions in (5.2) are given by 


h W (C,k) 
P (1) ( (,k) 

u { 1 Xc,k) 


w (l Xc,k) 
z (1 \t,k) 
6 ((,k) 


t‘ 


Ml ! 'lM2!'2M3l'3M4!'4M5!'5 a1 7.1 a2 7.2 A3 7.3 a4 7.4 a5 7,. 

Su, Sli, «V- Wo K V, / V 4 S7- - 


A 
5 CXX 


Ml ,v l/! SfJ ,2 ,V 77 2 Sm 3 ' V 3 Sm 4 '" 1/4 S/7 5 ,U 77 5 7 
Ml 1 'lM2!'2M3l'3M4!'4M57'5 a1 7.1 A 2 1,2 a3 7.3 M lA 


( 10 ) 

2 {v ■ t( 8))i 

1 1 Ml ^l M 2 77 2 /i3 773M4724M5725 10 aM 41 ' 4 M 5 7'5M1 ! '1M2!'2 7.[/43 1 ^ 3 ] ,0 J.M3^3M4^4M5^5Ml "1 7.1/^2 7, " 2 ] 

2 C (10) a34 Z c (8) ^1 ^2 z c (8) ^1 ^3 


M 05 /* 4 M 4 

Ml '^l ^M2 M2 S M3 ^3 S M4 ^4 S M5 ^5 


(5.3) 

(5.4) 


-2 t 


Ml77iM2^2M3^3M4^4 7.[M5 7 .^ 5 ] 


(8) 


-21 


M 5 ^ 5 Ml! y ll‘ 2 ^ 2 M 3^3 7 . 1 a <-4 7 .^ 4 ] 


(8) 


7.LM4 7.77 

Tti 7 v 5 


x d 1 b 1 d 2 k 2 d 3 I - 3 d 4 I - 4 d° 

A SMl ,v 17l l 5M2' V ^2 8M3 ft '^3 l ’M4' V 174SM5 a ^5 ’ 

, ■M2^2M3l / 3M4^4M5^5 xl 7.1 a2 7,2 .-3 7.3 A4 7,4 AS 7.S 7, 

^ t ( 8 ) Smi 'Vi SM 2 ft 772 ’M3 "'I's ’M4 ’M5 'V 5 ft 2 


,1 4M2^2M3^3M4^4M5^5 Al 7.1 A 2 7,2 A3 7,3 A4 7,4 AS 7. 

^ ''(8) Smi "Vi SM2 "V 2 ’M3 "V 3 ’M4 "V 4 ’M5 "Vs 


4 x5 7.5 

5 ’ 

2 k 2 d 3 i - 3 d 4 i - 4 d 5 k 5 

S/x3 S /14 ^^4 S/I- ^ 

2 k 2 z* 3 i^ 3 z* 4 J^ 4 / ' 5 7 ^ 5 


7.1^1 _ 7, 

Ap 3 «/ 4 Av 2 


[mi 


,Ml^lM2^2M3^3M4^4M5^5 _i_ /| ± \ Ml ^lM2^2M3^3M4^4M5^5 „ ( 

t( 10 j 0:51042 + 4(77 • t(g))i 023045 


x d 1 I - 1 d 2 k 2 d 3 A - 3 d 4 A - 4 d 5 A - 5 

X ^U, 1 K V 1 ^U, 2 K V 2 L >U, 3 K V 3 l 4 U, 4 K vAu, s K iy 


cyclic permutations) . 


(5.5) 

(5.6) 

(5.7) 


(5.8) 
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The expression for the (rj-t(s))i tensor of (5.4) and (5.8) is given in equation (B.2) and the expression 
for the £(io) tensor is given in appendix B.2 . 

The expression for A D 2 nF a ( 1 ,2,3,4, 5) in (5.2) is such that, besides containing no poles and being 
cyclic invariant, satisfies (on-shell) gauge invariance and world-sheet parity 15 on each group of terms, 
that is, on [ H ^ + (cyclic permutations)], ..., [ Z ^ • z^^((,k) + (cyclic permutations)] 

and A • S((, k), separately. These conditions are enough to find a local lagrangian for each of those 
terms, at each order in a'. 


5.2 The main formula 


From formula (5.2), for A D 2« F 5 (1,2, 3,4, 5), and the kinematical expressions (5.3)-(5.8), the follow¬ 
ing effective lagrangian can be obtained for the D 2 n F 5 terms, up to terms which are sensible to 6 
or higher-point amplitudes 16 : 


C D 2 n p5 = i g 3 I I I I I { ]^[d 10 a;j 5 (10) (a: - Xj ) jx 

x { h H(1) ^~ D2 ' ° 3 ' ■ Da ’ ~ Da ■ Db) + 

+ ^P (1) (-A • D 2 , -D 2 ■ D 3 , -D 3 • D 4 , -D 4 ■ D 5 , -D 5 ■ D ± ) ( v ■ £ (8) )i m W2 ~ 4 


x tr {xi)Ffi 2 l / 2 {x 2 )F^ 3 l , 3 {xs)F^ 4 l , 4 {x 4 )F^ 5 L , 5 (# 5 ) j 
P ( 1 ) (-T>r • D 2 , ~D 2 ■ D 3 , -D a ■ D 5 , -D 5 ■ D a )x 


X { tr (^1 (*i )F„ 2 u 2 (x 2 )D a F F3V3 (x^F^x^F^ (a: 5 )) + 

+ tr (d^F^ ( Xi )D^F ^ 2V2 (x 2 )F ^ 3 (x 3 )F^ Vi (x A )F F5V5 (x 5 )J + 

+ F^ lVl (xi)F l j, 2V2 (x 2 )D r2 F^ 3l y 3 (x 3 )F l j, iVi ( X 4,)Fij /5V5 ( X 5) S j - 

- ti'^D^ 5 F FlVl (xi)F^ 2V2 (x 2 )F^ 3U3 (x 3 )D 1/ ^F^ iVi (x4,)F IJ/5V5 (x5) S j - 

- Yg^(8 5 ) l/5Mll/lAt2l/2A<3!y3 tr {xi)F ^ 2l , 2 (x 2 )F /23U3 (x 3 )F^ 4l2i (x A )D l ' i F F5l , 3 (£5)^ } - 

- (_£>! • D 2 , -D 2 ■ D 3 , -D 3 ■ D 4 , -D 4 • D 5 , -D 5 ■ D x ) x 

o 

x tr (xi)D ^ 1 F^v,(x 2 )F^ 3 l/ 3 (x 3 )F^ iUi (x A )D Vl F^ 5 v 3 {x 3 )^ - 


X 


15 The upper index (1) in all factors , pt 1 ), ... , denotes that they are invariant under a twisting transformation 
with respect to index 1. Similarly, the upper index (1) in all kinematical expressions hi 1 ) (£, /c), p ( 1 ) (£, k), ... , denotes 
that they change their sign under a twisting transformation with respect to index 1. 

16 When considering the a' expansion of eq. (5.9), whenever two covariant derivatives D a and Dp (with a ^ (3) 
operate on a same field strength F^ u (x), the order in which they operate does not matter since the difference between 
the two possibilities will be sensible only to 6 or higher-point amplitudes. 
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— Di ■ D 2 , — D 2 ■ D 3 , — D 3 ■ D 4 , —D 4 ■ D 3 , — D 3 ■ D 4 ); 

O 

x tr( F ltlVl (x 1 )F tlal/a (x 2 )D^F ltaVa (x 3 )D^F tuVi (x i )F lttVli (x 6 ))- 


\s) 


——A (—Di ■ D 2 , —D 2 ■ D 3 , — D 3 ■ D 4 , —D 4 ■ D 5 , —D 5 • -Di) x 
160 


ti {xi)D ^ 1 F[i 2 v 2 {. x 2 )Ffi 3 v 3 {x 3 )F^ liVi ( x4)D F 115 V 5 (x 5 ) ^ + 


x | tT^D a D^F lilVl (x 1 )D a F liaVa (x2)F liaVa (x 3 )F^ ^DpF^ (a*) ) + 
+ 4(r/ • ^ 8 ^ 1 ^ 1 ^ 1 ^ 2 *' 2 ^ 3Z ' 3/24 *' 4 ^ 51 ' 5 x 

x ti ( F^ llfl {x\)D a F ^ 2l/2 (x 2 )D F )Mi „ 3 (x 3 ) DpFji A „ 4 (^4) Fj lrj „ 5 (x 3 ) 


(5.9) 

Notice that in this result we have used that the factors P W, W W, Z^> and A depend in all five 
(independent) a t j variables, while //- 11 and depend on a lower number of them: 


H (1 ^ = H < ' 1 \a23, «34, 0:45) , 
UW = uW(a 12 j CC 23 ) OL 45, a.51) 


(5.10) 

(5.11) 


as may be seen directly in the formulas of appendix C.3. 

That formula (5.9) is indeed correct may be confirmed by calculating the 1 PI 5-point function of 
it, T^^lmu% 4 ' a 5 {xi,X 2 ,X 3 ,X 4 ,X 5 ), and then calculating its Fourier Transform 17 . From this last 
one it may be checked that the corresponding subamplitude is the one given in (5.2). 


5.3 Some a' terms 


In this subsection we will see two applications of formula (5.9), in order to see how it works. Before 
doing so, notice that the 0 ! dependent factors of (5.2) and (5.9) do not begin their power expansions 
at the same order in a'. As may be seen from the explicit expansions of them in appendix C.3: 
H W and P W begin at 0(a' 3 ) order; U^\ and Z^F) begin at 0(a' 4 ) order and A begins at 

0 (a' 5 ) order. 

As a first application in which the 5-point amplitude is important, let us see the case of the non- 
abelian effective lagrangian of the open superstring at order 0 (a ,3 ) (which was first completely 
and correctly calculated in [29]). At this order, as may be seen in (2.4) and (2.5), the lagrangian 
contains F 5 and D 2 F 4 terms. The first ones can be taken from the lagrangian in (5.9) and the 
second ones from the lagrangian in (3.7), giving: 


£ef (3) = C( 3 ) 


,' 3 


jj 3M4^5-5 + 2(r? . i(g))i 


Ml ^1 M2 ^2 M3 ^3 M4 ^4 M5 ^5 


X tr I F^ jy 1 Ffj 2 iy 2 F^ 3 jy 3 Ffj 4 UA F^ 5 jy 5 + t 


2 ( 8 ) 


V tr n“P D F F F I J- tr I D z F F F F 

A 1 11 I 1 flilZx-LSa- 1 - /I 2 P 2 1 Ms^ 1 M4^4 I T 11 ^ 1 Ml^l M2^2- i M3 M4^4 


(5.12) 


In order to compare (5.12) with one of the expressions of the known result we use that 

D' 1 F llv = D a {D <x F llv ) = D ll {p ci F a v )-D v (D ot F'* v )+2ig[F aiJb ,F v a } , (5.13) 

17 In the case of the 1 PI 4-point function and the corresponding subamplitude, for example, this was done in the 
appendices of [17] and [35]. 
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which may be derived using the Bianchi identity and the [D, D]F = — ig[F , F] relation (see (A. 8 ) 
and (A.7), respectively). 

Substituting (5.13) in (5.12), and dropping out on-shell terms (i.e. the ones which contain D a F a M ) 18 
leads to 


Ce f (3) = C( 3 ) a' 3 


-i-f (* (1 0) + 4 (r? • tr (f^F^F^F^ 

| 9_ j.Ml iy lM2* / 2M3* y 3M4*- / 4 i. ( 7“)CK rp n p 7^ 7^ 

' 2 6 (8) 11 I r Ml ^1 H2V2 r M3 ^3 -*>4 ^4 I 


F, 


M5^5 


+ 


(5.14) 


Using the explicit expressions of the t(g) and the f( 10 ) tensors, and a basis of F 5 and D 2 F A terms 
taken from [40] 19 , it may be verified that the D 2 F 4 terms of (5.14) agree with the ones in eq. (4.17) 
of [27] and that the F 5 terms of (5.14) agree, on-shell, with the ones of the mentioned equation 
after going to D = 4 20 . In this last reference it was seen that the lagrangian in equation (4.17) of 
it agrees (in 0=4) with the one in [29], which was also confirmed in [30] and [34]. 

The next interesting example consists in the 0(a' ) terms of the effective lagrangian which are 
sensible to 5-point amplitudes. We take the D 2 F 5 terms from (5.9) and the 0 4 F 4 ones from the 
lagrangian in (3.7), giving: 

■* = £d 2 f 5 + £d 4 f 4 i (5.15) 


where 


£e> 2 f 5 = * 'go' g3 a ' 


_ L J.Ml !/ ir l 2^2M3l'3A‘4l 2 4A 1 5^5 

8 ( 10 ) 


4 tr [ F f i 1 v 1 F^ vi -^M 3 V3 D Ffj A D a F[ 4 5 v 5 


+4 tr ( Fn lUl D a F^ 02 F ^3 jy 3 F M4 F M5 jy 5 




^4tr^ 


+ tr I F, 


F fJi 3 l , 3 D a F lliVi F ll5l/5 


FfX 2 V-2 D F U 3 l/ 3 0 Q ,F |U 4 ! y 4 F |U 5 ! y 5 


+ tr ( F^ Ul F ^ 2V2 F^ 3l , 3 D F^ 


+4 tr ( D F^ Vl Ffj , 2 V2 F ^ 3 V3 F ^ 4 V4 D a F ^ 5 V3 


■ tr ( F^ 1 u 1 D Fn 2 U2 D& F ^ 3 V3 F ^ 4 Ua F ^ 5 V3 


+ 4 tr ( D F Ml Vl Dq, F^ U2 F M3 i / 3 F ^ 4 y A F ^ 5 Vb 


_ j.^lVlfl2V2^3V3^4V4:^5V5 ±. I Tp T? nar n p t? 

^(lO) 11 \ r niV\ r V2V2 iy r H3V3- L >'ot-rfi A v A -rn b v b 


_ J.M4 V A M5 V5 Ml v 1 112 v 2 
l (8) 


tr ^ DF^ x Vl D 3 F M2 .F^g F ^ 4 *, 4 F M5 ^ 


-t 


M3*'3M4*'4M5*'5Ml*'l . 
( 8 ) 


trl D^ 2 F F D V2 F F F 

vl. \ JS 1 fllVl 1 - fl2V2 J ~ y X UqI/q 1 IJ.a Va l I 


M3 V 3 M4^4 X M5^5 


I 4 .Ml M2 ^2M3 ^3M4^4 
"^(8) 


tr I TF 5 F F F D Ub F F \ 4- 

l ^1^1 M2« / 2 i M3* / 3‘ L/ ^ M4O 4 -*• /i5^5 I > 




P5V5 fllVl /12V2 fl3V3 


( 8 ) 


trl D^ 4 F F F F D UA F 

11 I i/ - r Mi*'i- r M2*'2- r M3*'3- r M4*'4- Ly r L 


M5^5 


— 


M2^2M3^3M4^4M5^5 . 


2 W 


trl F n^ 1 F F F n^ 1 F 

l J - /li Hi ^ ^ Liollo ± LL^U‘^ ± LLaV A ^ M l 


M2*'2‘ t M3^3 X M4^4 J 


M5^5 


18 In [3] it was seen, at least up to 0(a /2 ) order, that the on-shell terms in the effective lagrangian are not sensible 
to on-shell scattering amplitudes. 

19 See appendix B of this reference. 

20 In D = 4, due to the Cayley-Hamilton theorem, there is an identity involving the F 5 terms which reduces the 
number of them which are independent. That is the reason of why our F 5 terms in (5.14) only agree with the ones 
which go in the effective action of N = 4 SYM in [27] after going to 4 dimensions. We thank D. Grasso for explaining 
this to us. 
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I 14^2 ^2 M3 ^3 #*4 ^4/45 ^5 I f r ( p p n/H P F> V1 F F I — 

T 8 l (8) | hL \ c 112^2^ r ^3^3 J ^ r V4,V4, r 1U.5^5 ] 

— tr ^F fllVl D 1 ' 1 Fjj 2 ,j ‘2 Fi_ t:s v 3 F jliVA D 1 f jU 5 i/ 5 ^|’ (5.16) 

and 

r _ 71 „2 /4 .Mii'iM2i'2M3*'3M4!'4 Qi-rf n 2 D 2 F F F F \ i 

•‘-d 4 f 4 — 2880 ^ a i 8 ) Jtrl L) L> p |Ui i/ 1 p^ 2 122-^3 "3-^4 ^4 J + 

+ 16 tr ^D“F M1 ^ £) a F M2 „ 2 D > 3 F M3 „ 3 £>^F M4 V4 ^ + ^tv^D a F lllVl D^D a )F tl 2 l , 2 D^ + 

+ 18tr ^D 2 F Mlt/ 1 £> 2 F M 2 l/ 2 F M 3 l/ 3 F M4t/4 ^ +9tr (^D 2 F lllVl F IX 2 V 2 D 2 F IJ/ 3 V 3 F IJliV ^j + 

+ 16 tr ^D a D^F lil Vl D a DpF^ V2 F ^ 3V3 F M4 ^ + Mtv^D^ D 0) + 

+ ZAtv(^D 2 F fllVl F IJ , 2 V 2 D l 3 F tl 3 V 3 D l 3 F tliV ^j . (5.17) 

At this order the symmetrized prescription mentioned in (3.9) begins to apply: that is why some 
terms in £d 4 f 4 contain symmetrized products. Using the explicit expressions of the i(g) and the 
t( 10 ) tensors, integration by parts, the Bianchi and the [D, D\F = —ig[F, F] identities, and dropping 
out the on-shell terms, the expressions in (5.16) and (5.17) could be made explicit and reduced to a 
minimum length, but we will leave that work to be done somewhere else and just content ourselves 
with those expressions as they are, in order to see how formulas (5.9) and (3.7) have operated at 
this order in a!. In any case, we have checked that the abelian limit of (5.17) agrees completely 
with the d 4 F 4 terms of [41]. 

The lagrangian in (5.15) (with the expressions in (5.16) and (5.17)) is not the complete lagrangian 
at 0 (a ' A ) because the F 6 terms should also be present (that is why we have called it C'^ instead 
of j£b 4 )). A complete lagrangian at this order has been determined in [19] by other method and 
confirmed in [ 20 ] and [ 21 ]. 

The procedure to continue writing the D 2 n F 5 terms from (5.9) and the D 2 n F 4 ones from (3.7) is 
quite direct using the expansions of all the a' dependent factors. In the case of the Gamma factor, 
the coefficients of the a' expansion are known up to infinity, while in this work we have expanded 
the T and (2c/) 2 A 3 factors (from which the , U^\ W ^ and A factors have been obtained) 
only up to 0(a l6 ) order. So in this section we could, in principle, go on with the D 2 n F 5 terms up 
to that order, but to save space we will not do it here. 

In spite of what was mentioned in the previous paragraph, the structure of the a 1 expansions of T 
and ( 2 c/) 2 A 3 is completely known since, as it is proved in detail in appendix C. 2 , at each order in 
a' only cyclic polynomial invariants (in the a l: j variables) appear 21 . So the only unknowns are the 
coefficients which go with each of those cyclic polynomial invariants: this is a considerably much 
reduced number of unknowns than the ones which in principle should be determined at every a 1 
order (see appendix C.2.5 for further details). 

6. Summary and final remarks 

We have succeeded in finding the D 2 n F 5 terms of the open superstring effective lagrangian, to all 
order in a'. This lagrangian is of importance in the corresponding sector of the S l O(32) Type I 

21 Further more, the polynomials which appear at each order in a 1 should also be invariant under a twisting 
transformation, so this diminishes a little the number of them which appear in the expansion. In appendix C.2.5 we 
give a complete list of them up to sixth degree [42]. 
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theory and in the description of the low energy interaction of D-branes. To our knowledge, this 
is the second non-abelian result, reported in the literature, which is complete (in the sense that 
all the terms in the lagrangian and its coefficients are given in a closed form) and which has been 
determined to all order in a'; the first one being the determination of the D 2n F A in [35]. 

This has been a very much more complicated problem than the determination of the D 2n F 4 terms, 
which consisted in a non-abelian generalization of a previous result in [17]. We have found the 
general formula and we have given expansions which allow us to compute explicitly the D 2n F 5 
terms up to 0(a' 6 ) order. We have checked that the F 5 terms of our lagrangian, together with 
the D 2 F a ones found previously (see eq. (3.7)), agree with the known result at 0(a' 3 ) order. At 
0(a' 4 ) order, it would be interesting to see if our D 2 F 5 and D A F A terms agree with the ones which 
are sensible to 4 and 5-point amplitudes in eqs. (1.5) and (1.6) of [20]. 

The starting point of all this huge labor has been the determination of the 5-point subamplitude 
of massless bosons in Open Superstring Theory, which we have found in terms of two kinematical 
expressions and two a' dependent factors (see eq. (4.13)). 

Another important step that we have done, in order to be able to find all the D 2n F 5 terms, has 
been the determination of the scattering subamplitude A F 2 n ^s(l, 2, 3,4, 5) as a sum of terms which 
have no poles and have manifest cyclic and (on-shell) gauge invariance, as well as world-sheet parity 
symmetry (see eq. (5.2)). We have done this by using the known and a new t(i o) tensor in all 
the kinematical expressions involved in that subamplitude. 

The explicit expression of 2 n F 5 depends directly on the previously found expression of Cp, 2 » F 4, be¬ 
cause the scattering subamplitude A D 2 «^(l, 2, 3,4, 5) is calculated in terms of A D 2 n F i{l, 2,3,4, 5) 
(see eq. (5.1)). Now, given that there is not a unique way in choosing the terms of C F ,2n F 4 22 1 and 
the fact that the a' factors in (5.2) are not all independent (see, for example, eq. (F.12) ), it may 
happen that a final lagrangian £ D 2n F 5 could eventually be found in terms of only the f( 10 ) tensor, 
as mentioned in [36]. In the present work we have not look further in this direction. 

The calculations of this work have been extremely long and, based on the experience we have had 
in solving them out, we think it is impossible to have done them without any computer assistance. 
In spite of this fact, and contrary to what it is generally believed, the main result of our paper 
suggests that it is indeed possible to take to the level of the effective lagrangian, to all order in a 1 , 
the information of (tree level) superstring scattering amplitudes: at least we have succeeded on this 
subject, up to 5-field terms, in the case of Open Superstring Theory. 

On a future paper [43] we will use the results of the present work to determine the tree level a' 4 R 5 
terms in the effective lagrangians of the type II theories, by means of the KLT relations [44], and 
we will consider the possibility of finding and all a! result for those actions, as it was done in [35] 
in the case of the 4-Riemann tensor terms. 

Acknowledgements 

R. M. would like to acknowledge useful conversations with F. Machado, with whom the first steps 
of this work were given. He would also like to thank A. Sevrin, N. Berkovits, F. Brandt, P. Koerber, 

S. Stieberger and especially D. Grasso and A. Tseytlin, for useful conversations. This research has 
been partially supported by the Brazilian agencies CNPq and FAPEMIG. 

A. Conventions and identities 

1. Metric, symmetrization and antisymmetrization over spacetime indexes: 

22 Since the only requirement for this lagrangian is to reproduce superstring 4-point amplitudes, there is some 
freedom in the way its covariant derivatives are present on it. 
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We use the following convention for the Minkowski metric: 

Vv.v = diag(—, . (A.l) 

The symmetrization and antisymmetrization convention that we use, on the spacetime indexes 
of a product of two vectors A and B, is the following: 

A^B v) = ^(A P B U + A U B P ) , (A.2) 

A^B V] = ^(A^B 1 ' - A U B P ) . (A.3) 

2. Gauge group generators, field strength and covariant derivative: 


Gauge fields are matrices in the Lie group internal space, so that A^ = A p a A°, where the A a 
are the generators (in a matrix representation) which satisfy the usual relation 


tr(A a A b ) = S ab . (A.4) 

The field strength and the covariant derivative are defined by 

Fnu — du-A-n ig[Af 1 i Au\ , (A.5) 

= d^(j) - ig[A^, 0] , (A.6) 

and they are related by the identity 

[£> M , £>„]<(> = -ig . (A.7) 

Covariant derivatives of field strengths satisfy the Bianchi identity: 

D' x F vp + D p F pv + D V F PP = 0 . (A.8) 


B. Tensors 


B.l g) and (tj ■ t^))i tensors 

The 8 ) tensor 23 , characteristic of the 4 boson scattering amplitude, is antisymmetric on each 
pair (jij, Vj) (j = 1,2, 3,4) and is symmetric under any exchange of such of pairs. It satisfies the 
identity 24 : 


J-(8) AftlVl 2^2 Aft3^3 Afti v i _ 

i flllSlfl2V2fi3V3ftAV i J - l l ^*2 ^3 


- 2 ^Tr(A 1 A 2 )Tr(A 3 A 4 ) + Tr(A 1 A 3 )Tr(A 2 A 4 ) + Tr(A 1 A 4 )Tr(A 2 A 3 ) ) + 
+ 8 f Tr(AiA 2 A 3 A 4 ) + Tr(A 4 A 3 A 2 A 4 ) + Tr(A 4 A 3 A 4 A 2 )^ , 


(B.l) 


where the Aj tensors are antisymmetric and where ‘Tr’ means the trace over the spacetime indexes. 
A ten index tensor, which is also antisymmetric on each pair (, Vj). can be constructed from the 
Minkowski metric tensor and the tr 8 ) one, as follows: 


(r, t 1 A 1 l 1 'lM2!'2M3‘'3M4!'4M5l'5 _ 1 / 31/4 M4M5 V5ftl Vl ft 2 V2 i /J 3 ^l 4 J.^3^4A l 5 ^5 Ml ^1 A *2 ^2 

~ '/ r ( 8 ) + y l (8) 

_ „M3^44.1 / 3M4M5^5Ml‘ y lA»2^2 _ „!/ 3 M4 J.M3 ^4M5 ^5Ml 1UM2 ^2 
'/ r (8) '' r (8) 


23 An explicit expression for it may be found in equation (4.A.21) of [37]. 
24 Formula (B.l) has been taken from appendix A of [17]. 


(B.2) 
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This tensor appears in the 5-point amplitude of the open superstring. It also changes sign under a 
twisting transformation 25 with respect to index 1, that is, 

(77 • t ( 8 )) 1 AllI/1/i5l,5M4l/4/:i3l/3M2l/2 = —(77 • (B 3 ) 

We have used the subindex 1 in the (rj ■ ) tensor as a reminder of this relation. 

B.2 tensor 

The f( 10 ) tensor is another ten index tensor that appears in the 5-point amplitude of the open 
superstring. It is linearly independent to the (77 • <(s))i one. It can be constructed by the following 
procedure: 


1. Using the Minkowski metric tensor, we make all possible ten index tensorial structures: 

^iVn r ^H v o r i^kV p ^lH mri VrV q an( J ^IH^n yjH j Mfc jjW Vm. rfr Vq , 

with and n^o^p^q^r. These indexes are in the range 1,..., 5. 

When applied to the general expression many terms will be 

null due to the physical state condition (£* • k z = 0). Despising these terms, 544 structures 
remain. 

2. Making a linear combination of these 544 terms, we demand antisymmetry on each pair 
(/ij. Vj) and also a change of sign under a twisting transformation with respect to index 1 
(the same as in eq. (B.3) ). This procedure results in a ten index tensor with only 14 free 
parameters, which will be our ansatz for the f( 10 ) tensor. 

Unlike the t ( 8 ) tensor, the f( 10 ) one is not cyclic invariant in the pair of indexes (pj, Vj) 2& ■ 

3. Then, the last 14 parameters are determined by substituting in the kinematical expression 
h (1 \C,k), in (5.3), and comparing it with the corresponding kinematical structure in eq. 
(F.15) of appendix F. This comparison is not immediate since both expressions only agree 
after using on-shell and physical state conditions, together with momentum conservation. At 
the end we obtain an expression which satisfies an identity similar to that in (B.l): 


.(10) AUlVl A^2k'2 /(7 t 3l'3 4 P5"5 _ 

Ml l 'lA 1 2l'2A‘3*'3A‘4l'4/J5''5 21 l ^2 ^3 ^4 ^5 — 

- 8 [ Tr(A 1 A 2 )Tr(A 3 A 4 A 5 ) + Tr(A 1 A 3 )Tr(A 2 A 4 A 5 ) + Tr(A 1 A 4 )Tr(A 2 A 3 A 5 )+ 
+ Tr(A 1 A 5 )Tr(A 2 A 3 A 4 ) + Tr(A 2 A 3 )Tr(A 1 A 4 A 5 ) + Tr(A 2 A 4 )Tr(A 1 A 3 A 5 )+ 
+ Tr(A 2 A 5 )Tr(A 1 A 3 A 4 ) + Tr(A 3 A 4 )Tr(A 1 A 2 A 5 ) + Tr(A 3 A 5 )Tr(A 1 A 2 A 4 )+ 
+Tr(A 4 A5)Tr(AiA 2 A 3 ) ] + 48 Tr(A 4 A 2 A 3 A 4 A5) + 

+ 16 [ Tr(AiA 2 A 3 A 3 A 4 ) + Tr(A 4 A 2 A 4 A 3 A5) + Tr(AiA 2 A5A 3 A 4 )+ 

+ Tr(Ai A2A4A5A3) — Tr(A 4 A 2 A 5 A 4 A 3 ) + Tr(AiA 3 A 2 A 4 As) — 

— Tr(Ai A3A2A5A4) + Tr(AiA 4 A 2 A 3 A. 5 ) + Tr(AiA. 5 A 2 A 3 A 4 ) — 


—Tr(AiA 4 A 2 A,5A 3 ) — Tr(AiAsA 2 A 4 A 3 ) ] , 


(B.4) 


where the Aj fields are antisymmetric. From (B.4) an explicit expression of the i( 10 ) tensor 
may be obtained, once its symmetry properties are considered. 


25 See the third item of subsection 4.2 for further details about a twisting transformation on the disk. 

26 Due to the symmetries of the 4-point subamplitude, the t(g) tensor is expected to be cyclic invariant in the pair 
of indexes (pj,Uj), but in fact it happens to be completely symmetric with respect to those indexes[37]. 
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C. a! dependent factors 

C.l Gamma factor 

As remarked in [30], using the Taylor expansion for In T(1 + z) 27 , 


lnT(l + z) = - 1 z + jr(-l) k ^-z k 


(-1 <z<l), 


(C.l) 


fc =2 


it may be proved that the explicit a! expansion for the Gamma factor in eq. (3.2) is given by 
,2 T(—a's)r(— a't) 1 


r(l — a's — a't) 
Up to 0(a' 6 ) terms this gives: 


J t ■ ex P |£ ^a' k (s k +t k -(s + t) fc ) j 


(C.2) 


,2 r( — a , s)r( — a't) 1 7T 2 ,2 >/ „ w . ,3 7T 4 . , 9 , 9 . ,4 

4 rTT 7 777 = “7 r -0 _ C(3)(s + i) a - xxx(4s + st + At ) a 

i (1 — a's — a't) st fa 360 

T 2 „ 

—C(3) st(s + t) — C(5)(s 3 + 2s 2 t + 2 st 2 + t 3 ) 




(16s 4 + 12s 3 f + 23s 2 U + 12sG + 16t 4 ) 


+ <D(a' 7 ) . 


(C.3) 


The function f(s,t), defined in (3.8), consists in this Gamma factor (divided by a' 2 ) with the pole 
subtracted, so it has a well defined power series: 


OO OO 


f(s,t) = ^2 51 amn sTntn a> 


n m+n ^/ m + n 

&ran ’ 

m=0 n=0 

t -2 /G ~ ~ „ _ _^n -4 /Qfin — _^r 4 . 


(C.4) 


where a mn = a nm , with ago = —7t 2 /6, aoi = —C(3), ctn = — 7 t 4 /360, 002 = —7r 4 /90, etc. 

C .2 If 2 5 U .3 and T factors 

In this section we briefly review the definitions of the factors K 2 and K 3 , given in appendix A.l of 
[34] and we deal with the factor T introduced in eq. (4.10) of this work. We study the twisting and 
the cyclic symmetry and see how they are present in the a' expansion of If 3 and T. 

C.2.1 The definitions and the a,,; variables 


The factors K 2 and K 3 were defined in [34] as 


If, = 


\2a'ot23 


Ko = 


(C.5) 

(C.6) 


C C 3 / 

/ dx 3 / dx 2 x\ a Ql3 (l - x 3 ) 2a a 3 *~ 1 x 2 2a ““^(l - x 2 ) 2a a 2 i {x 3 - x 2 ) 

Jo Jo 

r 1 rx 3 f 111 , 

/ dx 3 dx2 X 2 3 aai 3 -\l-X 3 ) 2 aa 34 X2 2 aai 2 (l~X2) 2 aa 2 i - 1 (x3-X2 ) 2aa23 

Jo Jo 

After making the substitution X2 = u • x$ in the inner integral (keeping x% constant) they become 

If2 — f dx 3 [ du x 2 3 a ' p (l-x 3 ) 2 a ' a 3 i - 1 u 2 a ' ai 2 - 1 (l-ux 3 ) 2 a ' a 24 (l-u ) 2a ' a23 , (C. 7 ) 

Jo Jo 

K 3 = [ dx 3 f du x 2 3 a ' p (l - x 3 ) 2 a ' a 3 i u 2a ' ai2 (l - ux 3 ) 2a ' a2i ~ 1 (l - u) 2 “'“ 23 

Jo Jo 


(C.8) 


27 See formula (10.44c) of [45], for example. 
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Here, 


p = 011 2 + CC13 + a 23 . (C. 9 ) 

As was seen in [8], these factors may be written in terms of Euler Beta functions and a generalized 
Hypergeometric function, as 

A 2 — oc\2 ,1 A 20 / 023 ) ' -^/(2o / 034, 1 — 2a'p) ' 

' 3^2(1 A 2 o p, 2 o 012, — 2 o O24; 1 + 2 o p A 2 a 034 ,1 + 2 a 012 A 2 a 023; 1 ) , (C. 10 ) 

A3 = H (1 A 2 a ai2 ,1 A 2 a 023) • H (1 -t- 2 a 034 ,1 2 a p) • 

• 3^2(1 " 2 a p, 1 A 2 a 0125 1 — 2 a 0245 2 A 2 a p A 2 a 034, 2 A 2 a 042 A 2 a 0235 1 ) • (C.ll) 

We will not use (C. 10 ) and (C.ll) to find any a' expansion in the present work. In [ 34 ], using (C. 7 ) 
and (C.8), the a' expansions of K 2 and A3 were found up to O(a') terms. The double integrals 
that appear at each power of a' were calculated using Harmonic Polylogarithms [ 46 ]. 

It is important to note that the ten Oij variables defined in ( 4 . 5 ) are not all independent once the 
on-shell (fc,; 2 = 0 ) and the momentum conservation conditions are taken into account. In fact, only 
five of them are independent. When finding the a! expansions of the factors K 2 and A3 we have 
chosen ai2, 023, 034, 045 and 051, as independent variables. The rest of them are given by 


oi \3 = <245 — ai 2 — a23 

ai4 = 023 — a5i — 045 
024 = 051 — 023 — O34 

025 = 034 — ai2 — 051 
035 = 012 — 045 — 034 

Notice that considering (C. 12 ), the p variable in (C. 9 ) coincides with 045. 


(C. 12 ) 

(C. 13 ) 

(C. 14 ) 

(C. 15 ) 

(C. 16 ) 


The T factor has already been defined in eq. ( 4 . 10 ) as 

T = ( 2 a') 2 ai2 034 K 2 A (051 oi2 — 012 034 A 034 045) A3 . 

T and A3 are related to the Gamma factor of the 4 -point amplitude by 

r(2a'a 3 4) r(2a'a 4 5) _ 1 m (n in 

( 2 o) . . n / 1 o / 1 ^ ( 2 a ) A3 . (C. 17 ) 

1 ( 1 A 2a'a 3 4 A 2a'a4 5 ) 034045 ai2=0 a i2 =o 

To see this we notice that using the definition of T, already mentioned, the relation in (C. 17 ) is 
equivalent to 

r ts 1 1 „ r( 2 a , a 34 )r( 2 a , a 45 ) rr<io\ 


{ai2 A 2 } 


ai2 —0 T (1 A 2 a'a 34 A 2 a'a 45 ) 


(C. 18 ) 


which can be proved using (C. 10 ) and the fact that the Hypergeometric function appearing there 
becomes 1 when ai2 = 0. 

The following relations (and the analog ones, obtained by cyclic permutations of them) can also be 
proved: 


( 2 a') 2 A 3 


= -(2a') 


2 a 3Af{— 2«34) —2a4 5 ) — a 5 i/(—2a4 5 , —2a 5 i) 


1 0:12=0:23—0 


034 — 051 


(C. 19 ) 


I Oi2=O23=0 


1 ( r, q 2 /(-2a34,-2a 45 ) -/(- 2 a 4 5 ,-2a 5 i) ( ^ 

- 1 = —( 2 a ) 03404505!- , (C. 20 ) 

034 — 051 


-1 = 0 . 


(C. 21 ) 


1012 = 034—0 
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C.2.2 Twisting symmetry 

The twisting transformation was already commented (in the third item of subsection 4.2) to be 
equivalent to a parity transformation in the string world-sheet. In this section we prove that K 2 , 
K 3 and T are invariant under a twisting transformation with respect to the fifth insertion on the 
disk, that is, they are invariant under the transformation of indexes given in (4.15). For this purpose 
we use that 

r 1 rx 3 pi pxa 

/ dx 3 / dx 2 g{x 2 , x 3 ) = / dx 3 / dx 2 g(l - x 3 ,l — x 2 ) ■ (C.22) 

Jo Jo Jo Jo 

This can be easily proved by first changing the order of integration on the left integral and then 
making the substitution 


( x 2 = 1 - x 3 
\ x 3 = 1 - x 2 


(C.23) 


Applying the result in (C.22) to the integrals in (C.5) and (C.6) we have the desired relation 


Ki{ot\2\&i3\OL 23 \OL2i\OL 3 /l) — Ki(a 3 4, m ,OL2A\a. 23 'iOti 3 ',oivi) (* — 2,3) . (C.24) 


Once I\ 2 and K 3 are invariant under the twisting transformation in (4.15), from its definition in 
(4.10), it is immediate that T is also invariant under the same transformation. 


C.2.3 Cyclic symmetry 

It is easy to see that I\ 2 is not cyclic invariant. For this purpose it is enough to look at the first 
term in the a' expansion of it, in (4.3), which clearly does not respect the cyclic invariance. In 
this section we will prove that K 3 and T remain invariant under the following cyclic permutation 
of indexes: 


( 1 , 2 , 3 , 4 , 5 ) —> ( 2 , 3 , 4 , 5 , 1 ) . 


So we need to prove that 


-^3(042; 043; 023; <424! 034) — K 3 ( a 23 ', <224; <234; <435; 0:45) > 

T(ai2\ai 3 \a 23 \a2A\a 3 i) = T{a 23 \ 0 : 24 ; < 434 ; £* 35 ! £* 45 ) • 


(C.25) 


(C.26) 

(C.27) 


• Cyclic invariance of K 3 : 


Making the substitution 

I X 2 = 1 - X 3 ' 

1*3 = (1 - X 3 ')/(l - X 2 ) 

in the integral expression of K 3l in (C.6), it is not difficult to arrive to 


(C.28) 


-^3(042; 043; < 423 ; < 424 ; <434) 


K 3 ( a 23 \ <424! <434; —<413 — 023 — <434! <412 + <4i3 + CK23) • (C.29) 


Now, after considering the expressions for 043 and 035 , given in (C.12) and (C.16), this last 
relation becomes the one in (C.26). 

• Cyclic invariance of T: 
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The proof of the cyclic invariance in this case is very much more involved. We begin noticing 
that the desired condition (C.27) is equivalent to 

023 O45 K 2 (023; 0 2 45 <234; 0:35; <245) = O12 O34 /^(o^; O13; 0 2 35 0245 034) — 

— (013 + 023) o 2 4 A" 3 (ai 2 ; ai 3 ; o 23 ; a 2 45 a 34 ) , (C. 30 ) 

once the definition of T(a 12 ; 043 ; 023 ; 024 ; 034 ), given in (4.10), together with the relations for 
the ctij. given in (C.12)-(C.16), have been considered. 


We will prove (C.30) in five steps: 

1. Using the definition (C.5) we have that 
K 2 (a 23 ] a24; 0:34; o35; 0:45) = 

f>l f>X 3 ' 


/ dx 3 ' dx 2 ’ x 3 ’ 2a 024 (l-araO 
Jo Jo 


< ^„'2a'a24^4 _ „J\ 2 a' ct4&-X„J 1 oi a. 13 -1 ^ _ x 2 ) 2<X ' 0135 {x 3 — X 2 ') 2a “ 34 


X 2 


(C.31) 


and making the substitution (C. 28 ) for A' 2 (oi2; 013; 0:23; 0:24; 0:34) and 
-^3(012; 043; o 23 ; 024; 034), given in (C. 5 ) and (C.6), we have that 

K 2 (ai 2 -, ai 3 ; a 23 ; a 2 4; a 3 4) = 

pl PX 3 f 

/ dx 3 / dx 2 x 3 2a ' a24 {l - x 3 ) 2a ' ai5 x 2 2a “ 23 (1 - x^f 01 ' 0135-1 {x 3 - x 2 ) 2a ' 0,34-1 , 

Jo Jo 

(C. 32 ) 

K 3 {ot 12 ; «i3; Q; 23; q; 24; 0 : 34 ) = 
fX rX3 

/ dx 3 / dx 2 x 3 ' 2a ““^(l - x 3 ) 2a 0,45 x 2 2a 023 (1 - x 2 ') 2a a35 ~ 1 (x 3 / - x 2 ) 2a 0134 . 

Jo Jo 

(C. 33 ) 

2 . Doing integration by parts in (C. 31 ), with respect to the x 2 variable, it may be proved 
that 


K 2 {a 23 \a 2A \ a 34 \ a 33 \ 045) — 
O35 


034 


M (o 23 ; a 24 ; a 34 ; a 35 ; a 45 ) H- N(a 23 ; a 24 ; a 34 -, a 33 ; a 43 ) , (C. 34 ) 

023 O 23 


where 

M(a 23 ; 0:24; 0:34 50:35; 045) = 


z* 1 r X3 o ' 

/ dx 3 / dx 2 X 3 l2a ' a24 (l - X 3 ') 2a ' 0145-1 X2 ,2a a23 (l - X2) 2a ' 0135-1 {x 3 - x 2 ) 2a ' a34 , 

Jo Jo 

(C.35) 

^( 023 ; 0245034 ; 0355045 ) = 


r1 rx 3' 

/ dx 3 ' dx 2 x 3 2 oio, 24 (l-x 3 ) 

Jo Jo 


' ^ / 2a / a24/'i _ a.±s — l x ^/2oi'a .23 _ ^ 2 /^2a / Q;35 _ x ^2a.'OL3A — 1 


(C.36) 
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3. Now, doing integration by parts in (C.33), with respect to the x 3 variable, it may also 
be proved that 


K 3 (ai 2 ; aiz-, Q; 23i ^24; 0:34) — 

CH45 , T x Oi 34 . . 

- M (Q!23; <^24; 0:34; «35; a45j H-N2(«12; «13; tt23; «24; (434) . (C.37) 

CK24 O24 


4. Noticing that 


1 


1 


1 


(1 - x 3 ')(x 3 ' - x 2 ') (1 - X 2 ')(l - X 3 ') (1 - x 2 ')(x 3 '- x 2 ') 


(C.38) 


and using (C.32), (C.35) and (C.36), we have that 


N(a 23; 0:24; 0:34; 0:35; <^45) — M{a 23 \ « 24 ! 0:34; 0:35; o. 45) + K 2 {ai 2 \a\ 3 \a 23 ;a 2 4 ', ^34) • 

(C.39) 


5. Finally, eliminating M(a 23 ', a 2 4', a 3 4', a 33 ', 0.4$) and N(a 23 ', a 2 4', a 3 4', a 33 ', 0.4$) from equa¬ 
tions (C.34), (C.37) and (C.39), leads precisely to (C.30). 


Now that the proof of (C.26) and (C.27) has been done, then it may be repeated for the rest of 
the cyclic permutations, guaranteeing that K 3 and T remain invariant under them. We have also 
checked this. 


C.2.4 The a' expansions of ( 2a') 2 K 3 and T 

A detailed calculation of the a' expansions of K 2 and K 3 was done in [42], up to 0(( 2a') 4 ) terms in 
both cases. This was done using Harmonic Polylogarithms [46] and the harmpol package of FORM 
[47] (see appendix A. 3. of [34] for more details about the type of calculations involved). The a' 
expansion of T was also obtained in [42], up to 0((2a / ) 6 ) terms, by directly using its definition 
(4.10) and the expansions of K 2 and K 3 . In this section we will only write the a! expansions of 
(2c /) 2 A 3 and T. 

It is not very difficult to prove that the a ' expansions of ( 2a') 2 K 3 and T are power series, that is, 
they do not have poles in a 1 (as K 2 does 28 ). So, at every order in a', there only appear polynomial 
expressions which, after using the relations (C.12)-(C.16), may be written in terms of the five ay- 
variables mentioned in section C.2.1. Each of these polynomial expressions respects the twisting 
and the cyclic symmetry, that were seen to be satisfied by ( 2a') 2 K 3 and T in sections C.2.2 and 
C.2.3. The result obtained, written in terms of polynomial cyclic invariants (which will be specified 


28 See eq. (4.3). 
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in the next subsection), is the following [42]: 


(2 a') 2 K 3 = (2a 1 ) 2 C(2) / 1 (0) - ( 2 a ') 3 C(3) if + (2a') 4 |c(2) 2 ( if + Jlf +if ) + 

+ (2a') 5 - C(5) ( if + if + if ) + ( -2C(5) + C(2)C(3) ) ( if + if + if ) + 

+ ( k(5) - 2C(2)C(3) ) if 


( 2 ) 


a6 


(2a ) 


35 

6 


c(2) 3 (if+if+4 4) +if) + 


i 


( ^C(2) 3 - f ( 3) 2 ) ( if + if + 4 4) - 4 4) - if + if ) + 

+ ( |c(2) 3 - C(3) 2 )( if + if ) + ( ^C(2) 3 + C(3) 2 ) if + 

+ ( -^C ( 2) 3 + 2C(3 )2) if 


+ 0( (2a') 7 ) , 


T = if - (2a') 3 C(3) if + (2a') 4 jf(2) 2 ( 4 4) + Jlf + 4? + 4? ) + 
+ (2a') 5 - C(5) ( if + if + if + if + if ) + 

+ ( —2C(5) + C(2)C(3) ) ( if + if + if ) + 

+ ( |C(5) - 2C(2)C(3) ) (if+if ) 


/^6 


(2a') 


a ( r(6) , r(6) r(6) , r (6) , t( 0) , r(0) j(0) n 

1 J 10 ' J 15 + i 21 w 2 26 -I-2 30 + 2 33 -I- 2 41 J 


(6) , r(6) 


r( 6) 


+ (|C(2) 3 -C(3) 2 )(if+if) + 


( 6 ) . r( 6 ) i r( 6 ) 

12 Tiis 

“’+/<;>) 

(6) , r(6) 


(C.40) 


35 

( ^C(2) 3 - ^C(3) 2 ) ( if + if + 4g } - 4? - 4® } + 4? - if - If ) + 


r(6) 


+ ( -^C(2) 3 + C(3) 2 ) ( if + if ) + ( -^C(2) 3 

+ ( -^C(2) 3 - ^C(3) 2 ) if | + 0( (2a') 7 ) . 


(6) 


2C(3) 2 )4? 


(C.41) 


(i) 

Here ij ' denotes the j-th polynomial cyclic invariant of degree i. 

C.2.5 Polynomial cyclic invariants 

The polynomial cyclic invariants are uniquely determined up to a global factor which we have chosen 
to be 1. In the next lines we list them up to sixth degree. At degrees 0, 1, 2, 3, 4, 5 and 6 there 
are, respectively, one, one, three, seven, fourteen, twenty six and forty two linearly independent 
polynomial cyclic invariants. 

• Degree 0: 


4 0) = i. 


(C.42) 


• Degree 1: 


if — ai2 + a 23 + a 34 + 045 + 051 . 


(C.43) 
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Degree 2: 


-^1 ' — a 12 + a 23 + a 34 + a 45 + a 51 > 

1 2 = ai 2«23 + O23O34 + 0:340:45 + O45O51 + 054012 , (C. 44 ) 

r(2) 

1 3 = 012034 + 023045 + 034051 + O45O12 + 051023 • 


Degree 3: 


/p) — of 2 + O23 + O34 + o| 5 + O51 , 

7 ”( 3 ) 2 2 2 2 2 

/ 2 = 0 12 023 + 0 23 034 + 0 34 045 + 0 45 05 i + O sl Oi2 , 

r( 3 ) 2 ,2 ,2 ,2 ,2 

43 — a 42 03 4 + 0 23 0 4 5 + 0 34 051 + 0 45 0i2 + 0 5 i 023 , 

3 2 2 2 2 2 

/ 4 = 0^2^45 + <^23^51 + & 34&12 + <^45^23 + ^51^34 5 

(3) 2 2 2 2 2 

45 = 0 42 051 + a 23 Ol2 + a 34 023 + 0 45 034 + 0 54 a45 , 

(3) 

Iq — 012023034 + 023034045 + 034045051 + 045051012 + 051012023 , 
-fp) = 012034045 + 023045051 + 034054012 + 045012023 + 054023034 . 


(C.45) 


Degree 4 : 

l[ ^ = a 42 + o 23 + a 34 + o 45 + o 31 , 

r( 4 ) 3 3 3 3 3 

42 = Oi 2 023 + a 23 034 + 034045 + 045051 + O51O12 , 

I3 ^ = 0 42 a 3 4 + a 23 a 4 5 + O34O51 + O45O12 + 0 31 023 . 

j.^ 4 ) 3 3 3 3 3 

44 = 0 i2 045 + 0 23 051 + O34O12 + O45O23 + O51O34 . 

I5 ^ = 0 42 051 + a 23 Oi2 + 034023 + O45O34 + o| 4 045 . 

r( 4 ) 22 22 22 22 22 

46 = a 12 a 23 + a 23 a 34 + a 34 a 45 + a 45 a 51 + a 51 a 12 i 

r(4) 22 22 22 22 22 

47 = a 12 a 34 + a 23 a 45 + a 34 a 51 + a 45 a 12 + a 51 a 23 > 

Ig 4 ^ = 0^023034 + 0 23 034045 + 034045051 + o| 5 05iOi2 + 051012023 , (C.46) 

r (4) 2 2 2 2 2 

4g = a i2 023045 + 0 23 0 3 405i + 034045012 + 0 45 05i023 + 0 5 iOl2034 , 

r (4) 2 2 2 2 2 

4 iq = 0i 2 02305i + 0 23 0 3 40i2 + 034045023 + O45051034 + 054012045 , 

t-( 4) 2 2 2 2 2 

4n = a 12 0 3 4045 + 0 23 045051 + 034051012 + O45O12O23 + 0 51 023034 , 

7.(4) 2 2 2 2 2 

412 = 0i 2 0 3 405i + 0 23 0450i2 + 034051023 + 0 45 0i2034 + 053023045 , 

7.(4) 2 2 2 2 2 

413 = 0 12 0 4 505i + 0 23 05i0i2 + 034032023 + 045023034 + 054034045 , 

r(4) 

414 — 012023034045 + 023034045051 + 034045051012 + 045051012023 + 051012023034 . 



• Degree 5: 


*23 


*34 


*51 ) 


O i 2 a 23 + 033034 


r(5)_ 

*1 — 

r(5)_ 

*2 — 
r(5) _ 

*3 — 

r(5) _ 

*4 — 

r(5) _ 

*5 — 

A 5) _ 

*6 — 

7*1^) 32 32 32 32 32 

*7 = a 12 a 34 + a 23 Q: 45 + a 34 a 51 + a 45 a 12 + a 51 a 23 


O i2«34 
043045 
043051 
Q; 12 a 23 


O23O45 

0330:51 

0:23012 

O23O34 


**45 
034045 
034054 
034012 
O34O23 
O34O45 


O45O51 
O45O12 
045023 
O45 O34 
045051 


054012 , 
054023 , 

054034 , 

' 054045 , 

a 51 a 12 ) 


*7 

A 5) _ 
*8 ~ 

r(5) _ 

*9 — 

r(5) 

*10 
r(5) 

*11 

r 5 ) 


O12O45 + 023054 + 034042 + O45O23 + 054034 , 

a 12 a 51 + O23O42 + 034033 + o| 5 o| 4 + 054045 , 


= 043023034 + 033034045 + 034045051 + 045051012 + 054012023 , 

= 043023045 + 033034051 + 034045012 + 045051023 + 054012034 , 

^ . 3 Q Q O O 

*12 = 043023051 + 033034012 + 034045023 + 045051034 + O51O12O45 , 

[ ] o o Q O O 

*13 = 043034045 + 033045051 + O34O51O12 + 045012023 + 054023034 , 

-^14^ = 043034051 + 033045012 + 034051023 + 045012034 + 054023045 , 

= 043045051 + 033051012 + 034012023 + 045023034 + 0^4034045 , 


‘14 
r(5) 

*15 

A 5) _ 
*16 — 
A 5) _ 
*17 — 

r(5)_ 

*18 — 

r(5)_ 

*19 — 

r(5)_ 

*20 — 
A 5) 

*21 

r(5) 

*22 


rW _ 
*91 — 


Q; 12 a 23 a 34 

Q: 12 a 23 a 45 

O12O23O5I 

a 12 a 34 a 23 

O12O34O45 

O12O34O51 


O23O34O45 

O23O34O51 

a 23 a 34 a 12 

O23O45O34 

O23O45O51 

a 23 a 45 a 12 


034045051 

O34O45O12 

O34O45O23 

O34O51O45 

034054042 

034051023 


■ O45O54O12 
045051023 

a 45 a 51 Q; 34 

a 45 a 12 Q: 51 

a 45 a 12 Q: 23 

a 45 a 12 Q; 34 


a 51 a 12 a; 23 

a 51 a 12 Q: 34 

a 51 a 12 Q; 45 

a 51 a 23 C); 12 

a 51 a 23 Q; 34 

O51O23O45 


(C.47) 


— 043023034045 + 033034045054 + 034045051012 + 045051012023 + O51O12O23O34 , 

2 2 2 2 2 
*23 = 043023034051 + 033034045012 + 034045051023 + 045051012034 + 054012023045 , 

tC*}) 2 2 2 2 2 

/ 24 = 043023045051 + 033034051012 + 034045012023 + 045051023034 + 051O12034045, 

/ Cj \ 2 2 2 2 2 

*25 = O42O34O45O51 + 033045051012 + 034051012023 + 045012023034 + 051023034045 , 

r( 5 ) 

*26 — CI12O23O34O45O51 . 


• Degree 6: 


r(6) _ 

*1 — 

r(6) 


*12 


*23 


a 34 


«45 


*51 ) 


1 •2 > — *^12*^23 + C*23 a 34 + CI34O45 + a| 5 05i + 0^4012 , 


l 2 

r(6) 

*3 

r(6) 

*4 

r(6) 


— 043034 + 033045 + O34O51 + 045012 + 054023 , 
= of3a 45 + a 23 a 51 + C*34 Q; 12 + 045023 + **51 Q; 34 > 


I5 — a 12 a 51 + C* 23 a 12 + C* 34 Q :23 + 045034 + 0 51 045 . 


*5 

r(6) 

*6 

r(6) 

*7 

r(6) 

*8 

r(6) 

*9 

r(6) 

*10 


rw _ 

-* Q — 


O12O23 + O33O34 + O340I5 + algOgi + 054043 , 

012 a 34 + 033045 + 034054 + 045042 + 054033 , 

012045 + 033054 + 034042 + 0^5033 + 054034 , 

4 2 4 2 4 2 42 < 42 

O12O54 + 033043 + O34O23 + 045034 + a 51 o 4 5 , 


— 043023034 + 033034045 + 034045051 + 045051012 + 054012023 , 
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r(6) 4 4 4 4 4 

'll = O12O23O45 + 0230340:51 + 034045012 + 045051023 + O51O12O34 


'll 

r(6) 

'12 

r(6) 

'l3 


rW _ 
1 10 — 


O12O23O51 + O23O34O12 + 034045023 + 045051034 + 054012045 


— 0 12 034045 + O23O45O51 + 034051012 + 045012023 + 054023034 , 


Iia — of 2 03405 i + 023045012 + 034051023 + a| 5 ai2 034 + 0I1O23O45 


'14 

r(6) 4 1 4 1 4 1 4 ,4 

215 — 0 12 045 051 + 0 23 05iOi2 + 0 34 0i2 023 + 045023034 + 054034045 


'15 

r(6) _ 
'l6 — 

t-(6) _ 

'l7 — 
r(6) 

'18 — 
r(6) _ 

'19 — 
r(6) _ 
'20 — 
r(6) _ 
'21 — 

A 6) _ 
'22 ^ 
r(6) 

'23 — 

r(6) __ 
'24 — 

r(6) _ 
'25 — 

r(6) _ 
'26 — 
r(6) _ 
'27 — 

r(6) 

'28 
r(6) 

'29 
r(6) 

'30 
r(6) 

'31 
r(6) 

'32 
r(6) 

'33 

r(6) 

'34 
r(6) 

'35 
r(6) 

'36 
r(6) 

'37 

r(6) 

'38 
r(6) 

'39 

r(6) 

'40 


a 12 a 23 + a 23 a 34 + a 34 a 45 + a 45 a 51 + a 51 a l 2 5 
a 12 a 34 + a 23 a 45 + a 34 a 51 + a 45 a 12 + a 51 a 23 ) 


rW _ 
— 


Q; 12 Q; 23 a 34 

Q: 12 a 23 a 45 

O12O23O5I 

a 12 a 34 a 23 

O12O34O45 

O12O34O51 

043045023 

O12O45O34 

a 12 a 45 a 51 

O12O51O23 

O12O51O34 

O12O51O45 


O23O34O45 

Q; 23 a 34 a 51 

a 23 a 34 a 12 

O23O45O34 

O23O45O51 

^23®45®12 

a 23 a 51 a 34 

O23O51O45 

O23O51O12 

3 2 

^23^12^34 

Q: 23 a 12 a 45 

Q: 23 a 12 a 51 


034045051 

CI34O45O12 

O34O45O23 

O34O51O45 

034054012 

034051023 

O34O12O45 

034013051 

Q; 34 a 12 Q; 23 

O34O23O45 

O34O23O51 

O34O23O12 


O45O51O12 

a 45 a 51 a 23 

a 45 a 51 Q; 34 

a 45 a 12 Q: 51 

a 45 a 12 a 23 

a 45 a 12 Q: 34 

O45O23O51 

O45O23O12 

O45O23O34 

O45O34O51 

O45O34O12 

a 45 a 34 Q; 23 


O51O12O23 i 
O51O12O34 , 
a 51 a 12 Q; 45 > 
a 51 a 23 C): 12 i 
O51O23O34 j 
O51O23O45 i 
a 51 a 34 Q; 12 > 
a 51 a 34 Q; 23 ) 
O51O34O45 > 
O51O45O12 ) 
O51O45O23 i 
O51O45O34 i 


(C.48) 


= O42O23O34O45 + 033034045051 + 034045051012 + 045051012023 + 054012023034 , 

^31^ = «12 a 230:34051 + 023034045012 + 034045051023 + 045051012034 + 054012023045 , 

= 0^3023045051 + 023034051012 + 034045012023 + 0^5051023034 + 054012034045 , 

= 0430:340:450:51 + 033045051012 + 034051012023 + 045012023034 + 054023034045 , 

= 043023034 + 033034045 + 034045054 + 045054043 + 054043033 , 


a 12 a 23 a 45 


a 23 a 34 a 51 


2 2 2 

a 34 a 45 a; 12 


2 2 2 
a 45 a 51 a 23 


TW ) _ 


TV>) _ 
lc \Qk — 


a 12 a 23 Q! 34^45 

a 12 a 23 a 34^51 

2 2 

042033045051 

0430340230:45 

012034023051 

012O34045051 


023034045051 

023O34045012 

023034051012 

023045034051 

023045034012 

023045051012 


034045051012 

034045051023 

034045012023 

034054045012 

034054045023 

034054012023 


051043034, 

045054012023 

045054012034 

045054023034 

045043051023 

045043051034 

045043023034 


054043023034, 
054043023045, 

054043034045, 

054033012034, 
054033012045, 
054033034045, 


r(6) _ 

'41 — 

r( 6) 2 I 2 I 2 I 2 

'42 — 043023034045051 + 023034045054012 + 034045051012023 + 045051012023034 + 
+054012023034045 . 


C.3 HW, CfW, V+W, Z W and A factors 


The o' dependent factors of formula (5.2), except for Z^\ are all given explicitly in terms of the 
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function / of (3.8), the factor K 3 of (C.6) and the factor T of (4.10) 29 : 


H « = 


/\2 / (—2a 23 , —2a 34 ) — /(—2a 34 , —2a 45 ) 
-(2a ) - 


<223 — «45 


k 3 - K 3 


pi 1 ) 

uW 

W w 
Z ( x ) 


= (2a') 2 


<^34 — 0 


0(34 


(2a') 2 U(-2a 5 i,-2a 12 )+ if 3 


< 2 4 5 


ij( 3 ) - a 23 i?( 4 ) 


(C.49) 

(C.50) 

(C.51) 

(C.52) 

< 251 < 2 l 2 

(2a') 2 x 

G(—2a 34 , —2a 4 5, —a 2 s — a 34 , —a 23 — a 4 s) — G(—2a 34 , —2a 23 , —a 2 s — a 34 , —a 23 — a 4 s) 


a34—0 


< 2 23 a 4 5 


(2a') 2 

K 3 - U 3 

-k 3 


+ a^ijW _ (2a') 2 /(—2a 34 , —2a 4 s) 


- 

a 5 i=0 

ai2=0- 



<2 23 — a 4 5 


T - 1 - 


T 


a 23—0 


— 1 — ai 2 a 23 a 34 7?^ 5 ^ > + (cyclic permutations) 


A = 

ai 2 a 23 a 34 a 4 5a5i 

where the function G(a,b,c,d) that appears in (C.53) is defined by the a' series 

/ra+n m—1 n 


(C.53) 

(C.54) 


oo oo 


G{a,b,c,d) =^2^2 


^mri & 


m= 1 n=0 ( m + n \ p= 0 g =0 


ra — ± n / \ / \ 

yy TO-l-p + n-<?\ / P + b n-q ^ 

m-l-p J\PJ 

(C.55) 

Here, the (completely known) coefficients a mn are the ones that appear in the expansion of the 
function f(s,t ), in (C.4). May be it is possible to write the function G(a,b,c,d ) in a closed form 
(in terms of Hypergeometric functions, for example), but we have not succeeded in doing so. 

G(a, b , c, d) begins like 

G(a, 6,c, d) = — C(3) a' — ^ 8a + 8c + b + d'j a' 2 + 

+ ^ -£(5) (3a~ 4~ 3ac -f- 3c 2 -t- 26“ T 2bd -t- 2d~ -t- 4u6 -t- 2nd -t- 26c -t- 4cd) T 

+ TS-C(3)(fc 2 + 6d + d 2 + 2ab + ad + bc + 2cd)) a' 3 + G(a' 4 ). (C.56) 

18 ] 


Using eqs. (C.ll), (4.10) and (C.10), the a' factors defined in equations (C.49)-(C.53) can all be 
written in terms of the Gamma factor, Beta and Hypergeometric functions. It is also not difficult 
to see that these factors are all invariant under a twisting transformation with respect to index 1. 
The factor A in (C.54) is invariant under a twisting transformation with respect to any of the five 
indexes and it is also cyclic invariant. 

Formulas (C.49), (C.50) and (C.53) can be understood to have no poles since the numerator is a 

29 In this formula, the factors H^) (with j = 2 , 3 , 4 , 5 ) are constructed by means of cyclic permutations of the factor 
Hi 1 ). For example, to obtain the expression for Il {2) we make the following change of indexes in the tty variables: 
( 1 , 2 , 3 , 4 , 5 ) ->■ ( 2 , 3 , 4 , 5 , 1 ). 
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power series of the a,; ? and, whenever the denominator is zero, so happens with the numerator. This 
means that, in each of those cases, the numerator is divisible by the corresponding denominator. 
In the case of formulas (C.51), (C.52) and (C.54) it is not straight forward to see that those 
expressions contain no poles, but the argument is similar: in all cases the numerator involves a 
power series of the a l:j and, whenever the denominator is zero, so happens with the numerator. For 
example, in the case of (C.51) and (C.52), using (C.19) (and one of the cyclic permutations of that 
relation) it can be proved that the numerator becomes zero if any of the a l3 of the denominator are 
zero. In the case of (C.54), using (C.20) and (C.21) (and the cyclic permutations of them) it can 
be proved that if any of the five o,j of the denominator is zero, so happens with the numerator. 
Up to 0(a' 6 ) order, the expansions of the factors defined in (C.49)-(C.54) are given by 


P (1) = —£(3)(2o ') 3 + 


360 


4(345 + 4(323 + « 34 


( 2 a ') 4 + 


C(3)a 34 ( 034 + 045 + 023 ) “ 


—C(5) (2034023 + a 23 + 2045034 + 2034 + O 45 + 045023 ^) 


(2a 


05 


_l ,*q 222 

— qC( 3 ) 0^34 20123^34 + ^ 45^23 + 20(450(34 + Q( 45 + O23 + Oi 34 


7T 


15120 

,3 


I 6045 O 23 


+ I2034O23 + 120:450:340:23 + 160:230(45 + 230230:34 + 23045034 + I6045 + 12034 + 

3,3 _l \ I (r>rJ\§ _l sn( ^ ( c . 57 ) 

^2 


160^3 + I 2034 O 45 ) ( 2 a ') 6 + 0{ ( 2 a ') 7 ) , 


PW = —C(3)(2o ') 3 + — 


4034 + 045 + C*23 + 4osi + 4012 


( 2 a') 


A 4 


7 r 


( <^23^45 — 


360 

—2012045 + a 45 + 023 + 034045 + 042023 — 2051023 + 023034 + 045054 — 2054042 ^ — 

— ^C(5) ^2034 + 2aJ 2 + 4a 23 + 2042034 + 2054 O 34 + 2053 + 4o 45 + 4023034 + 

+4042023 — 7 O 42 O 45 — 7054023 + 4023045 + 4045054 — 7054042 + 

+4034045^ 


( 2 a ') 5 + 


1 . . 2 1 2 2 2 2 2 

-(,( 3 )“ 1 2 a 51 a 23 + 2 a 12 045 - 0 23 045 + 0 23 054 - 0:54045 — 

222 22 2 22 
O34O45 — O34O23 + 0 12 054 — 2 o 42 0 23 — 2045054 — 2 a 23 034 — 2o 45 a34 + 0 45 0 42 + 

2 2 2 3 3 

+0 51 042 — 0:45023 — 0 12 023 — a 45 — a 23 + 2042034054 — 2023034045 + 042045034 + 
+4054042023 + 054023034 + 4042023045 + 4045054023 — 042023034 — 034045054 + 


+4045054042 ) 


( 


O O O Q O 

— 52054023 — 52a 12 045 + 36o 2 3 045 — 28 a 23 054 + 36054045 + 


45360 (y 

+ 36O34O45 + 36O34O23 — 28 0 4 2 054 + 69 042 0 2 3 + 69O45O54 + 690^034 + 69O45O34 — 

—28045O42 — 28054O42 + 36045O23 + 36 a? 2 o 23 + 48034 + 36045 + 36 a 23 + 48054 + 
+ 48 o 12 + 48034054 — 52042034054 + 69023034045 — 28042045034 — 134054042023 — 
—28054023034 — 134042023045 — 134045054023 + 36042023034 + 36034045054 — 

—134045054042 + 48054034 + 48042034 + 480340 ^^ (2a ') 6 + (2a ') 7 ) , (C.58) 
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C/ (1) = 777-(2c/) 4 + 


90 


-—C(3) ( 0:51 + <212 ) + —C(5) ( 7o 5 l + 7012 — 2(245 — 2(223 


( 2 a ') 5 + 


:C(3 ) 2 ( 


4 a 5 iai 2 + < 2 51 + a 12 + 2051023 + 2045012 + 0 : 45(251 + 012023 ) + 


—14045051 + 24 o 23 — 26045O12 — 26051023 + 24 o 45 — 67051012 — 


22680 

— 14aJ 2 + 24045023 — 140^ — 14ai2 023 


+ 


(2o')» + 0( (2ay) , 


1 


(C.59) 


C(3) 045 + 023 — 2034 + 051 + 012 + -/(5) 7034 — 4045 ~ 


—4023 — 4051 — 4ai2 


(2a') 5 + 


——/(3 ) 2 ( 045 + 2045051 + 052 + o 2 2 + ( 


a 23 


— 4Q23O45 + 2012023 + 045012 — 2o 34 — 034051 + 051023 — 4023034 — 012034 — 


— 4034045 + 2051012 + 


7 r 


45360 


36051023 — 28012034 + 69051O12 + 36 a 23 + 36045 


Z (1) = — 


+ 69012 O 23 + 36051 + 36oi 2 — 134023034 — 52034 + 69 O 45 O 51 — 134034045 + 
+36045012 — 28034051 — 134023045 ^ (2a / ) 6 + 0{ (2a / ) 7 ) , (C.60) 

( 2 a ') 4 + -^2"C(3) + gC(5)^ 012 + 3045 — 051 + 6034 + 3a23^j (2a / ) 5 + 


1440 
1 

192' 

— I6045O12 + 72034 — 16023012 — 24034051 — 24034O12 — I6045O51 + 96023034 + 


C(3) 2 1 21045 + 6012O51 — 16023051 + 3af 2 + 3a 2 i + 21o 23 + 96034045 — 


30045023 


- 


J 362880 


276a23 Q; 34 — 72034051 — 460 : 450:51 + 9 O 045 O 23 + 63o 2 3 

O51 + 90^2 + 90c 

(2a ') 6 + 0( {2a') 7 ) , (C.61) 


+ 2 I 6034 — 46023051 + I 8012051 + 9a 2 2 + 9o 2 2 + 630^5 — 46023012 + 276034045 — 
— 46045012 — 72034 O 12 


A = 


^ 2 C(3)-fc(5))(2a') 5 + 


/ 3 a/ „ n2 109 

+ (^2 C(3) + 45360' 


7T ) I <^12 + 023 + C *34 + O 45 + O 51 I (2o 7 ) + 0( (2o r ) ) . (C.62) 


D. The Yang-Mills 5-point subamplitude 


The calculation of the Yang-Mills 5-point subamplitude was already considered in the appendix D 
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of [34] 30 . Its (off-shell) expression is the following: 


Aym{ 1,2,3,4,5) = — i g 3 x 

(& 1 > k 2 , -k\ — fc2)l / yM* 3 'n,„ 1 (-^3 — &4, & 3 , ki)VYM^pa{k^, k\ + k 2 , fc 3 + ^ 4 ) 


(fci + k 2 ) 2 (k 3 + /C 4) 2 


V Y M ( aL^(ki,k2,-ki - fc 2 )VV 


M 


( 4 ) 


^ cyclic permutations ^ 


(fci + fc 2 ) 2 


s (fcr + fc 2 , fc 3 , fc 4 , fe5 H ffi C w C M3 C M* C M» + 


(D.l) 


where the Yang-Mills 3 and 4-point vertices (which do not carry color indices) are given, respectively, 
by 


V YM MlM 2 M 3 (fcl,/C2,fc 3 ) = [^ lM2 (fcl - fe ) M3 +?? M 2 M 3 (fc 2 - fc 3 ) Ml +?7/x 3 Ml (fc 3 - fcl ) M2 ] ,(D.2) 




( 4 ) 


YM £tiM 2 A» 3 M 4 


{kl, k 2 , k 3 , ki) — [ ? ?AiiM2 r ?M3 4 l 4 277 ^^ 377 ^ 3^4 + ] ' 


(D.3) 


We have not worked any further trying to find a tensor notation which would shorten the expression 
of A yM (l,2,3,4,5) in (D.l). 


E. The D 2n F 4 terms 5-point subamplitude 

The 5-point subamplitude the comes from the lagrangian C D 2 n F i 1 given in (3.7), is given by: 

4 D 2^ 4 (l,2,3,4,5) = -2 (2a ') 2 g 3 ( /(-2a 34 ,-2a 45 ) Tl2 ^’ k ) + 

L CU2 

+ K{Ci,k 1 ;C 2 ,k 2 ;C 3 ,k 3 ;U,k 4 : ) S 5 {C 5 -,k 1 ,k 2 ,k 3l k^k 5 ;a') j + (cyclic permutations ) , 

(E.l) 

where 


7i 2 (C,fc) 


«i2 ^(Cii C 2 ; C 3 ? k 3 ; C 4 , ki\( 5 , k 3 ) + (Ci • C,i)K(k\,k 2 \ ( 3 , & 3 ; C4> &4; Cs, ^ 5 ) + 

(Ci ' k 2 )K(^ 2 ,k! + k 2 ] C 3 , k 3 \ C4, k Y , Cs> ^5) - (C2 • k\)K{^,k\ + k 2 ; C 3 , k 3 ; C4, k 4 ; Cs, *5) 

(E.2) 


and 


^(Cs; k!,k 2 , k 3 , fc 4 , fc 5 ; a') = 


^ G(— 2 a 3 4 , —2a 23 , —ai 2 — a 3 4 , — 014 — a 23 )+ 

+ G(— 2 ai 2 , — 2 a 23 , —ai 2 — a 3 4 , —ai 4 — a 23 ) (5 ~ (k\ + k 2 ) + 

+ ^ G(—2a 23 , — 2 a 3 4 , — ai 4 — a 23 , — ai 2 — a 3 4 ) — 
— G(—2a 23 , — 2ai 2 , — 014 — a 23 , — ai 2 — a 3 4 ) ^ Cs • {ki + k^) 


(E.3) 


In these formulas, by K(A , o; B , 6 ; G, c; D , d) we mean the same expression of the 4-point amplitude 
kinematic factor, in (3.3), evaluated in the corresponding variables. The function f{s,t) in the 

30 In [34] it was called as ‘5-point amplitude’. 
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second line of (E.l) is the one defined in (3.8) and the function G(a, b , c, d) that goes in the second 
square bracket of (E.l) is the one defined in (C.55). 

The derivation of our formula in (E.l) is quite nontrivial and very lengthy. We will not give all 
the details here, but will comment some aspects about it. It was obtained by first finding the 4 
and 5-point vertices, V^ 2 M 3 M 4 (fci, A 2 , A 3 , Aq) and V^fjL 2 WJM 4 Wi (fei, fc 2 , fc 3 , Aq, Aq) (which do not carry 
color indices), of the lagrangian in (3.7). This was done along the same lines of the Appendices of 
[17, 35], that is, by means of the 1-particle irreducible 4 and 5-point functions in momentum space. 
In the case of the 1-particle irreducible 4-point function, r^ M 2 /l 3 Al 4 (/;i, A 2 , fc 3 , Aq), the calculation 
was straight forward since only the abelian terms of C^npi were required. 

In the case of the 1-particle irreducible 5-point function, T^ 5 1 ' ) Ai 2 At 3 M 4 At 5 (A'i, A 2 , A 3 , Aq, Aq), the calcula¬ 
tion was much more involved than the previous one. On each D 2n F 4 term there are two types of 
5-field terms present: 

1. The ones that come from the non-abelian F 4 terms (F 4 —♦ A 2 • (cM) 3 ), with the covariant 
derivatives acting as ordinary ones ( D 2n — > d 2n ). 

In the scattering amplitude (E.l) their contribution is the one that goes with the / factor, 
with no poles. 

2. The ones that pick an A“ term from the covariant derivatives ( D 2n — > A • <9 2 ” -1 ) and the 
other four from the abelian part of the F 4 term ( F 4 —> ( dA ) 4 ). 

These are the terms of the scattering amplitude (E.l) which are written in terms of the 
function G(a,b,c,d). They begin to contribute only at order a ' 3 (while the rest of the terms 
begin to contribute at a' order) . 

Once the 4 and 5-point vertices have been found, to all order in a' , the calculation of the 5-point 
subamplitude in (E.l) can be done using the corresponding Feynman rules. This subamplitude 
receives contributions from one particle irreducible (1 PI) diagrams and one particle reducible ones 
which contain only simple poles, as shown in figure 2 . 

By construction, A D 2 n F i(\, 2, 3,4, 5) remains invariant under cyclic permutations of indexes 




(a) ( b ) 

Figure 2: Type of 5-particle diagrams, with a! dependence, which come from the effective lagrangian. The 
Feynman diagram in (a) is one particle irreducible (1 PI), while the one in (b) is one particle reducible. 

(1,2,3,4, 5). It is not difficult to see that it also remains invariant under a world-sheet parity (or 
twisting) transformation. 

Since the lagrangian C D 2 n F 4 is gauge invariant, A D 2 n^4(l, 2, 3,4, 5) should also satisfy (on-shell) 
gauge invariance. This is a very non trivial test of formula (E.l). In fact, demanding that it should 
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become zero after doing £5 —» fe 5 , it leads to the following relation to be satisfied: 

/(— 2 ai 2 , — 2 a 23 ) — /(—2 q: 23, —20:34) = G(—2034, —2023, — ai2 — 0:34, — <214 — 0:23)+ 

+ G(-2oi2, —2 o 2 3) -CC12 — 0:34, -O14 — 023) (0:51+025) + 

+ G(-2o 2 3, —2034, — O14 — 023, — O12 _ O34) — 

— G( —2023, —2012, —O14 — 023, —O12 — 034) (051 + O45). 

(E.4) 

We have checked this relation using the expansions of f(s,t ) and G(a,b,c,d), given in (C.4) and 
(C.55), respectively, up to 0( o ' 1 ) terms. 

F. Derivation of the D' 2n F 5 terms 5-point subamplitude 

Together with the derivation of formulas (4.13) and (E.l), the calculations of the present appendix 
constitute an essential part of this work. There are three main achievements that we arrive to in 
the expression for A D 2 n F 5 (1, 2,3,4, 5): it explicitly has no poles; it is written as a sum of terms that 
have manifest cyclic, (on-shell) gauge invariance and world-sheet parity symmetry; it is written in 
terms of tensors in such a way that a local lagrangian can be found almost directly in terms of 
them. 

We have divided the calculations of this appendix in five steps: 


Step 1: Treatment of the poles of T ■ A Y m{ 1,2,3,4, 5) in (4.13). 


We begin writing the mentioned term as 

T ■ 4ym(1, 2,3,4,5) = 4fm(1, 2,3,4,5) — ig 3 I [T -ljx 

v V CK12 —0 / 

'VYM$f£(ki, &2, -h - A: 2 )VvM (3) ^3 M4 (-fc3 - ki, k 3 ,k^)VYM < ' 3 J 5 pa(k 5 , k\ + k 2 , k 3 + fc 4 ) 

X - 

4ai2«34 

y YM ( ^{k 1, k 2 , -h - k 2 )V YM ( plp illb {ki + k 2 ,k 3 , fc 4 , k 5 )] ^ ^ ^ 

2ai2 J (l C2 44 

+ ^ cyclic permutations ) - T - T \ 

) v \ 0:12=0/ 

k 2 , —fci — k 2 )V Y M < ' 3 ' l p 3 p i (—k 3 — k^ k 3 ,ki)VYM { %pAk5, ki + k 2 , k 3 + ki) 

X - 

4ai2«34 

V YM ^/ 2 (ki, k 2 , -k 3 - k 2 )V YM { ^ 3tli p 5 (fci + k 2 ,k 3 , h, k 5 )] 

2oi2 Cl C2 Q Cs + 


l */ x 5 i 

>5 


^ cyclic permutations 


Here we have split the left-hand member of the equality into three terms on the right-hand side: 
A Y m( 1,2,3,4, 5), the term which contains a factor ( T| ai2= o — 1 ) (and cyclic permutations) and 
the term which contains a factor ( T — T| ai2= o ) (and cyclic permutations). We have used the 
on-shell expression of A Y m{ 1,2, 3,4, 5) in these last two terms 31 and we have also used the fact 

31 This has been done by substituting (ki + kj )‘ 2 = 2 otij in the denominators of (D.l). 
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that T is cyclic invariant. 

In principle, T ■ Aym( 1 , 2, 3,4, 5) should have double poles because A Y m( 1,2,3,4, 5) does, but it 
happens that the mentioned expression has only simple ones. To see this we notice that ( T — 
T| Q12 =o ) is factorable by ai 2 and also, using (4.10) and (C.18), it may be proved that ( T| ai2= o — 1) 
is factorable by a 34 a 4 s- Using this information in (F.l) we can arrive to the following result: 


T ■ A ym ( 1, 2 ,3,4,5) = A ym ( 1, 2 ,3,4,5) - ig 
x k 2 , -k! - k 2 )V YM {3) ; 3M4 

4— 34 2 45 -fa. - k 2 )V Y M 


1 

<^12 


^Ul2=0 — 1 


cy 34 cr 4 5 


(-fa - hi, k 3 , ki)V Y 


M 


(3) 

P5P<T 


(fa, ki + fa, fa + fa)+ 


ppL 4 P5 ( fc l + fc 2, fa, ki, k 5 ) ) + 


T - T I 


0:45—0 


<^45 


x -fa - k 2 )V YM {3) ; 3 


.(-fa - k 3 , k 3 , ki)V YM 


(3) 5P<r( fc 5, fa + k 2 , fa + fa) 


x Cr^Ca^CrCs 5 + ^cyclic permutations^ | — 

- *5 3 | (A:i, fa, -fa - k 2 )V Y M^ 3 M4jU5 (fa + fa, fa, fa, fa) x 

x crcrcrcrcr + ^cyclic permutations^ | , 

(F.2) 

in which is manifest that T ■ A Y m( 1 , 2 ,3,4,5) contains only simple poles: they come in the first 
curly bracket of this equation. 


Step 2: Treatment of the poles of (2a') 2 K 3 ■ A F 4 (1,2,3,4, 5) in (4.13). 


In a similar way as it was done in Step 1, using the expression in (4.14) for .4p4(l, 2, 3,4, 5), we 
arrive to: 


(2a) 2 K 3 ■ -Ap4 (1, 2,3,4, 5) = -2g 6 { (2a') 2 /(-2a 34 , -2a 45 ) 


TM(,k) 


0112 


+ 2 g c 


+ 2 g*\ (2a') 


^ cyclic permutations j 

T[ q , 12 _o 1 \T 12 (C,k) _|_ ^ C y C ij c permutations ^ | + 

Ti 2 (C, fa + ( cyclic permutations ^ 


+ 


a 34 a 4 5 


a 12 


Ab - K - 


3 |ai 2=0 


& 12 


(F.3) 


where Tfafa, fa is given in (E.2). 

The simple poles appear in the first and second lines of (F.3). In the second line of this equation 
we used that 


(2a') 2 K 3 


+ (2c/) /(—2a 34 , — 2 a 4 5 ) — 


Ctl2 —0 


T\g 12=0 - 1 
a 34 a 4 5 


(F.4) 


which is equivalent to (C.17), once the double pole of that equation has been subtracted in both 
sides of it. 

We notice that the simple poles in the first line of (F.3) are exactly the same ones of 
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^£) 2 n F 4 (l, 2, 3,4, 5) (see eq. (E.l) ). 

Step 3: Taking the poles to A D 2 n F i(\, 2,3,4, 5). 
Using the expressions in (F.2) and (F.3) we have that 


T ■ A ym { 1 , 2 , 3 , 4 , 5 ) + (2a') 2 K 3 ■ A F 4 ( 1 , 2 , 3 , 4 , 5 ) = 

= Aym( 1, 2, 3,4, 5) — 2g 3 |(2a / ) 2 /(— 2 ct 34 , — 20 : 45 ) ^ 12 ^’ ^ -f ^ cyclic permutations ^ | + 

+ <? 3 { J_ r /^ki_ijx( 2 r 12 ((,fc) - 

( ai 2 L V 03 4 a 4 5 / V 

- fe, -fci - k2)V Y M {3) ; 3Fi (-k 3 - k 4 , k 3 , k 4 )V YM { % P Ak 5 , h + k 2 ,k 3 + fc 4 )+ 

+ V YM ^(k u k 2 , -k, - k 2 )V Y M^ m (h + k 2 ,k 3 , k 4 , fc 5 )) - 

- ( T ~ T|a4B=0 

X ^VYM^^ih, k 5 , -fc 4 - k 5 )V Y M (3) PlfJ , 2 (-ki - k 2 , fci, k 2 )V Y M^ 3prT (k3, k 4 + fc 5 , fc 4 + fc 2 ) x 
x crc^ 2 c 3 3 crcf + ^cyclic permutations^ | — 

- *5 3 { ~ J^ 12 ^ 0 ) -Ah - + fc2 ’ *4, fo) X 

x cr x crcrcrcr + (cyclic permutations^ | + 

+ 2 g 3 |( 2 c /) 2 -- 3 ^ 12 ~° ^Ti 2 (C,fc) + ( cyclic permutations^ | . 

/t - \ 


k 2 ) x 


Now, we first notice that 


T - T |o : 45 =0 


r|a 12 ^o — 1 

0:340:45 


is factorable by oi 2 32 , so we will call it Oi 2 M 4 2 , where M 42 has a well defined a' series expansion 
with no poles. Eliminating ( T — T | a45 =o )/o 4 5 from it and substituting it in (F.5), together with 


32 The expression in (F.6) has a power series expansion in a 4 2 and using (one of the cyclic permutations of) (C. 21 ) 
it can be proved that it becomes 0 when 0:12 = 0. 
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the expression of F i{l^ 2, 3,4, 5), given in (E.l), we arrive to 


T ■ A ym ( 1, 2, 3,4, 5) + (2a') 2 K 3 ■ A F 4 (1, 2,3,4, 5) = 
= A ym ( 1,2,3,4,5) + A D 2n F 4(l, 2,3,4,5) + 5 3 


| CK12 —0 


- 1 


01340:45 


x 


1 

012 


2T 12 (C,fc) - 


- -ki - k 2 )V YM {3) ;^ 4 (-k 3 - fc 4 , h, k 4 )V YM { % p Ah, ki + k 2 , k 3 + k 4 )~ 

— i-^-V Y M% ^ 5 (^ 4 , ^5) ~kA - k 3 )V Y M^^^i—ki - k 2 , ki,k 2 )V Y M i ' 3 J 3 p <T (k3, ki + k 3 , k\ + fc 2 ) + 

+ VVM^(fcl, * 2 , -/Cl - ( fcl + fc2 ’ fc 3 , * 4 , * 5 ) + 

+ i^Y VyM^ikA, h, -fc 4 - + *5, Asi.fca, * 3 ) ) Cf 1 C^ 2 C^ 3 C^C^ 5 + 

+ ^ cyclic permutations ^ 1 — ig 3 i M\ 2 x 


x ( 7 VyM^ luliki, k 3 , —kA - k 5 )V Y M < ' 3 - 1 


(~ki - k 2 , k 1 ,k 2 )V Y M ( a 3 pa(k 3 , k 4 + k 5 , h + k 2 ) - 


Ml/^2 ' 


&12 


2 V YM {3 l P 5 (kA, k 5 , -kA - k3)V YM { ^ m (kA + h, h,k 2 ,k 3 ) J cr<f Cs^C ^ 15 + 
^ cyclic permutations 


+ 


+ 2g 3 (2o') 


/\2 / -^3 -^ 31 a 1 2=0 


0:12 


Ti 2 (C,k) + ( cyclic permutations 


+ 2 g 3 (2a 1 ) 2 Tv (£ k\\ C 2 , & 2 ; C 3 ? /c 3 ; C 4 > ^ 4 ) ^(Csi k\, k 2 , k 3 , kA, k 3 ; a') + 
+ ( cyclic permutations 


IF.71 


This is a huge expression. At this moment our main interest lies in the term in the square bracket 
(the one that goes multiplying the factor I/ 012 ) and its cyclic permutations because, besides the 
poles of A D 2 „ F 4 ( 1 , 2 , 3 , 4 , 5 ), those are the only places where poles could come from. We have ver¬ 
ified computationally that, using on-shell and physical state conditions, together with momentum 
conservation, the term in the square bracket is factorable by 042 , thus eliminating all poles which 
are not contained in A F 2 n f 4 (1) 2,3,4, 5). 


Step 4: Derivation of an expression for A^npa (1, 2, 3,4, 5) as a sum of terms which are gauge 
invariant and have no poles. 


Since the left hand-side of (F.7) is precisely A(l, 2, 3,4, 5), using (5.1) we have that the sum of curly 
brackets in (F.7) corresponds to A D 2n F 5 (1, 2, 3,4, 5). This expression explicitly has no poles and 
is (on-shell) gauge invariant as a whole, but each of the terms in curly brackets is not individually 
gauge invariant. This means that, in order to write A D 2 n F s (1, 2,3,4, 5) as a sum of terms which have 
both properties, some redistribution of the terms in (F.7) should be done. Only after succeeding in 
doing this redistribution it will be possible to find a local lagrangian for each group of terms. 

This is a very non trivial step and in the following lines we will only summarize the operations 
which took us to the desired expression: 

1. In (F.7) we substitute the following expression (and the cyclic permutations of it in the 
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corresponding cases) for the kinematical expression Ti 2 (C, ^)> defined in (E.2): 


r 12 (C,*0 = + 

+(C X • k 2 )K((, 2 , fc 2 ; C 3 , fc 3 ; C 4 , fc 4 ; c 5 , fc 5 ) - (C 2 • fc 1 )^ 1 , fe 1 ; C 3 , fc 3 ; C 4 , fc 4 ; C 5 , fc 5 ) ■ 

(F.8) 

The term with the (77 • i( 8 )) 4 tensor is the part of T\ 2 {C,,k) which is gauge invariant. That 
term changes sign under a twisting transformation with respect to index 4. 

2. In the term 5s(Cs; k\, fc 2 , & 3 , & 4 , fcs; o') given in (E.3), which also goes in (F.7), we substitute 
the following relation (and the corresponding cyclic permutations of it): 

G { — 2tt34, — 2ai23) —012 — 034, —Q!14 — 023 ) + G( — 2012, — 2023, — O12 — 0:34, — 044 — 023) = 

/(—2a 12 , —2a 23 ) — /(—2a 23 , —2a 34 ) 


034 — «12 

— G(— 2 a 23 , — 2ai2, — 014 — a 2 3 , — 012 — 0:34) 


G( — 2a 2 3j —2a3 4 , —014 — 023, — O12 — 034) — 
051 + 045 


034 — O12 


(F.9) 


This relation has been obtained from (E.4) and in the denominators we have used, from 
(C.15), that o 5 i + 025 = 034 — o 12 . 

3. We then substitute in (F.7) the following expressions for M 12 and (T| Ql2= o — 1 )/{a^a^) 
(and the corresponding cyclic permutations of them): 

M 12 = Ol§iH^ + 05i023t/^ 1 ' ) + 023034 + 03405 iC/*' 5 '* + 034051023A , (F.10) 

r|ai2=0 ~ 1 = 023^ (1) + 051 ff (2) + 023 0511/ (4) . (F.ll) 


034045 


These relations have been obtained from the definition of M 12 , given in (F.6), and using the 
definitions of the , U^ and A factors of appendix C.3, together with (F.4). 

As an outcome, the resulting expression of A D 2 n F 5 (1, 2,3,4, 5) will depend on kinematical 
expressions and on the factors H^ k \ P^ k \ U^ k \ Z^ (k = 1,... ,5.) and A. It will no longer 
depend (explicitly) on the T and K 3 factors. 

4. We next require on-shell gauge invariance in the resulting expression of A D 2 n **(1,2,3,4,5) 
by doing, for example, £1 —> k\ and demanding that the expression should vanish after using 
on-shell and physical state conditions, together with momentum conservation. This leads us 
to the following condition to be satisfied: 


0511 


P (3) - Oi 2 P (4) = a si ff (2) - oi 2 ff (5) 


0 : 230:51 


t/W- 


012 O 45 


g (3) , 


(F.12) 


which can be seen to be valid after using the definitions of the H^ k \ P^ and U^ factors, 
given in appendix C.3. 

In order for the condition (F.12) to be automatically satisfied, without needing to make any 
substitutions, we introduce a new a' dependent factor, W^\ and its cyclic permutations 
pp(fc) __ 2 i 3 , 4 , 5). This factor has been defined in eq. (C.52) and it may be proved that it 
satisfies the following relations: 


p( 4 ) = H ( 5 ) +Q , 45 p( 3 ) 

P o) = H m + a 23 p( 4 ) 


051WW , 
Oi 2 W (1) , 


(F.13) 

(F.14) 


which automatically fulfill (F.12). 
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Step 5: Final expression for A^n **(1,2,3,4,5). 


From the previous step we find the following expression for A]j2n F 5 (1, 2,3,4, 5): 


A D 2n F5 (l,2,3,4,5) = g 3 | ^«-/i(C,fc)+P (1) -p (1) (C,fc) + 

+ t/ (1) • U { C, fc) + IT (1) • w{ C, jfe) + Z (1) • 2: (1) (C, fc) 
+ ( cyclic permutations ) 1 + g 3 A • <5'(£, /c) , 


(F.15) 


where, by now, only &) and fc) (and their cyclic permutations) are known to be the 

same kinematical expressions of equations (5.4) and (5.7), respectively. 

In (F.15) we have an expression which, on each group of terms, has no poles and is (on-shell) gauge 
invariant. We have also verified that the world-sheet parity condition (4.16) is satisfied by each 
group of terms in (F.15). But unfortunately, for h((,k), u((,k), w((,k) and S'((,k) we only have 
long (computer saved) expressions, whose specific structure is not explicitly known. 

Our final labor has then been to determine the structure of h((,k), u((,k), w((,k) and S'((,k). 
In appendix B.2 we have explained with some detail how we have obtained an on-shell equivalent 
expression for k ) (which we have called h (£, k) in equations (5.2) and (5.3)) in which the gauge 

symmetry is manifest. This has been done by introducing a ten index tensor, ^i^ 1 ^ 2 ^ 2 ^ 31 ' 3 ^ 41 ' 4 ^ 51 ' 5 , 
which is antisymmetric on each pair (/i j Vj) and which has the twisting symmetry mentioned in eq. 
(B.3). 

For each remaining kinematical expression we have also used an ansatz, in analogy to (<^, k), 
which consists in the most general expression that can be constructed and which is manifestly gauge 
invariant. It is quite remarkable that using on-shell, physical state and momentum conservation 
conditions, we have been able to determine their structure completely in terms of only two tensors: 
the known f( 8 ) and the same f( 10 ) that we have mentioned in the above lines. The resulting 
expressions are the ones that we have named k), w^\^, k) and <5(£, fc), respectively, in 

subsection 5.1. 

The final expression that we have for A D 2 n F s (1,2, 3,4, 5) is, then, the one in (5.2), which has no 
poles, is cyclic and (on-shell) gauge invariant on each group of terms, as explained in subsection 
5.1, and which also has the world-sheet parity symmetry manifest. All this final step has been 
fundamental, in order to go from the subamplitude in (5.2) to the effective lagrangian, C F 2n F 5, in 
(5.9). 
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